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BOUNDED FUNCTIONS OF TWO COMPLEX VARIABLES.* 


sy STEFAN BERGMAN and MENAHEM SCHIFFER. 


1. Introduction. The space © of two complex variables differs from the 
four-dimensional Euclidean space ©* in that manifolds of certain type are 
distinguished in © by the special behavior of analytic functions of two complex 
variables in them. (See Bo.’) Such manifolds are, e. g., analytic surfaces 
and analytic hypersurfaces, or segments of these manifolds. (See 2.) 

In this paper we consider a four-dimensional domain * Mit. We assume 


that a segment, i*, of an analytic hypersurface, belongs to the boundary of Mit*. 
Let {f(2:,22)} be a family of analytic functions, uniformly bounded on 
M+ i°. In the present paper we show that under certain additional hy- 


potheses the functions f, form a normal family not only on Mt* but on Dit + it. 


2. Lemmas. In this section we shall prove two lemmas concerning 
families of analytic and harmonic functions which depend upon a real 


parameter. 


* Received December 28, 1942. 

* Various properties of &* to which we shall refer in this paper have been studied 
in the following papers of Bergman: B,, Theory of pseudoconformal transformations 
and its connection with differential geometry, Notes of lectures delivered at Massa- 
chusetts Institute of Technology, 1939-40 (available at Brown University Library) ; 
B,, Mathematische Annalen, vol. 109 (1934), p. 324; B., Mathematische Zeitschrift, 
vol. 39 (1934), p. 76 and 605; B;, Math. Sbornik, vol. 1 (43) (1936), p. 851; B,, Mathe- 
matische Annalen, vol. 104 (1931), p. 611; B;, Sur les fonctions orthogonales . . ., 
Interscience Publishers, New York, 1941; By. American Journal of Mathematics, vol. 63 
(1941),’p. 295. 

We shall refer to these papers by “ B,.” 

? We shall denote manifolds by Gothic letters, the upper index showing the dimen- 
sion of the manifold. The symbols S, + (sum set), - (intersection) will be used in 
the usual way. Thus we shall denote the sum of a sequence of sets, &"(a), depending 
on a parameter a which ranges over a set §”", by S ("(a). (Note that the sets 

agihk™ 
("(a) considered in this paper are often families of disjoint manifolds lying in the 
four-dimensional space so that GS ("(a) has the dimension m +2.) The boundary 
agR™ 

of a manifold is generally denoted by the same letter; e.g. gy* means the boundary 
of Pf‘, H(A) the boundary of 93°(A), ete. A bar over a symbol denoting an open 
manifold indicates that the manifold is to be taken together with its boundary. The 
intersection of a manifold, (&", with the surface g (2, 2) const. will be denoted by 
©" - [9 (21, 2.) const.]. E[. - -] is understood to be the set of all points which satisfy 
the conditions mentioned in the brackets. 
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Lemma I. Let Fn(Z,\), (n=1,2,- - -) be a set of functions defined in 
Z| <1, 0SAS 2x], which are uniformly bounded; i.e. there 
exists a constant A, such that | F,(Z,A)' SA, (Z,A) eU®. For every fized ), 
the * F',(Z,r) are analytic functions of Z,|Z| <1. Finally they are uniformly 
continuous in in the following sense: for every r<1 and «> 0 there exists 
a 8(e,7) such that 
(1) lim 7) = 0, 

and furthermore 
(2) | A1) — Fa(Z, Az) 


for |A.—A.|S8(er) and |Z|Sr<i1. Under these assumptions the 
F'n(Z,A) form a normal family in W. 

Proof. For each | Z| <1 

holds. In view of | Fn |< A we have, therefore, for |Z|<=r<1 and 
aes 


(4) | Fn(Z,A) —F,(2’,a)| < | = B(r) | 
0 


If now a point (Zo, Ao), with | Z) | <r, is given, there always exists a neighbor- 
hood u*(Zo,A,), such that for each (Z,A) € u3(Zy,Ao) the inequality 

(5) | F,(Z, d) — F (Zo, Ao) | Se 

holds. For example, u*(Z», A.) can be chosen in the following way: 


S Min r— | Z |], 
| S Min [8(de,r), Ac, —Ac]}. 


u*(Zo, A») = Z 


For then we have 


| F,, (Z, d) — Ao) | | F(Z, d) — Fy(Zo, d)| 
| F',(Zo, r) —- (Zo, Ao)! = €. 


By the Heine-Borel theorem, for each given « the domain | Z|=r <7, 
0=AS 2z, can be covered with a finite number of domains u*(Zy, Av). 
For Ay fixed, the F,,(Z, Av) form a normal family; therefore a partial sequence 
F(Z, Av) can be chosen which converges for all Av. Hence, there exists a 
number N, such that for m’ = n’ = Np, 


* For the sake of brevity we often omit “(m= 1,2,...-)” after F, or f,. Thus 
the sequence {fn}> (n= 1,2,- - -) is often denoted by 


30OUNDED FUNCTIONS OF TWO COMPLEX VARIABLES. 163 


(6) | Far (Zv, Av) — Fe: Av) | S 


holds at all points (Zvy,Av). By virtue of the choice of the points (Zy, Ay), 
the inequality 
(7) | F'm (Z, d) — F,, (Z, d)| = de 


holds in the whole domain | Z| Srp, OSAS2m. Thus by the diagonal 
method we can choose a convergent partial sequence F-(Z,A). In other. words 
the F,(Z,) form a normal family in 11°. 


Lemma II. Let U(€,2) be a set of harmonic functions, depending on a 
parameter r, defined in the unit circle ©? = E[| | <1], =—ret%, and uni- 
formly bounded there: |U(€,A)|S A. The boundary values = U (e*?, d) 
are supposed to be defined and continuous in the interval jf} = E[0 S $ S 2x] 
with the exception of at mest m points Py(A) (v—1,2,:-+,m’, m’= Mm). 
About each point Py(A) we describe a circle with radius p and denote 
the part of it belonging to & by Ry?(A,p). We suppose that in the part 
of not contained in Rv*(A, p), the functions u(,r) are uniformly 
continuous with respect to pand rX.. Then the functions U(é,2) are uniformly 


continuous with respect to r in the closed domain E* — S Ry*(A, po) for each 


fixed Po > 0. 


Proof.*| Because of the relation 
U — U (ret?, A) = [U 4) — U d) 
+ [U(r’et?, rx) — U (ret?, ], 
it suffices to show that 
. . . . 
1. U(re‘’,r) is continuous in ©?— S R,*(A, po) as a function of ¢, 
v=1 
uniformly with respect to r and 4d, 
2. U(re'®,A) is continuous in €*— S Ry*(A, po) as a function of r, 
p=1 


uniformly with respect to @ and 4X. 
1. Denoting by P(r, ¢) the Poisson kernel, 


(Be) (1 — cong. + 


we have 


(8) U(re'*’, A) [u(o’ + a) —u(o + de. 


‘See also Bergman, B,, pp. 617-619, where a similar method is applied. 
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m’ 
Let re’? be a point of E?— S Ri*(A, po). We choose p < po/2 and denote by 


p=1 
f(A, p) the are of the unit circle lying in Ry?(A,p). Then we divide the 
integral (8) into two parts. In the first, ® runs through all intervals of 7 


where either exp[i(¢’ + ®)] or exp[i(¢+ lie in fy'(A, p); in the 


second, ® runs through the remaining intervals. We may suppose that ret” 
also lies in ©?-— S Ry?(A, po) ; therefore, in the first integral, the kernel is 


y=1 
bounded: | P(7,¢)| < C(po). Choosing then p = Min| 4po, «/4mAC (po) |, we 
can make the modulus of this integral less than (€/2). After this choice of ¢ 
we make use of the uniform continuity of u(@+ ,A) in the remaining 
intervals to evaluate the second integral. If »(8) is the upper bound of 


|u(¢’ + %,rA) —u(¢+,A)| for | S8, 


each A and each ® belonging to the remaining intervals, then lim 7(8) = 0. 


On the other hand, for | ¢’— ¢ | = 68 the formula (8) yields 


(9) | U(re'#’,x) —U (re, a) | P(r, + =7(3) 4 6/2. 


0 
Thus we have proved that by a proper choice of 8 the difference 
| U(ret#’,X) -— U(re#,)| can be made less than any given ¢ and that this 
choice does not depend on r and A. 
2. For interior points of ©* the continuity follows immediately from 
the integral representation in terms of the boundary values. Therefore it 


suffices to show that 


(10) U(re'?,r) -—u(¢, A) u(d + ©,rA) — A) |P(r, 


converges to 0 as r—>1, uniformly for all ¢ and 4, if e’® does not lie in 
S po). Let be the upper bound of | u(¢+ ,A) — u(¢,A)| 
p=1 


m’ 


for all A and all ¢ for which e‘” does not lie in S f(A, po). According to 
p=1 
our hypothesis we have limw(®) =0. Further, o(®) is continuous if ©® is 
g-0 
sufficiently small. Thus we get from the inequality 


(11) | U(ret#, x) — A) | db 


and from the convergence of w(®) to zero, 


y=1 | 

= 


om 
it 
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(12) lim U (ret#, 4) = A), 


uniformly with respect to @ and A. This argument completes the proof of 
Lemma II. 


3. Hypotheses. Following the developments of B,; (see also B; and Be) 
we recall the definition of a segment of an analytic hypersurface, and formulate 
some additional restrictions. 

A segment of an analytic hypersurface is a three-dimensional manifold 


with the parametric representation 
(13) (y 1,2), 


where the h, are functions of Z and dA, defined for jt‘ = E[0 SAS 2z], 
Ze B*(A), having continuous derivatives with respect to A and Z, and analytic 
in B*(A) for each fixed A. We assume that for each point {h,(Z, A), he(Z, A) }, 
Ze B*(A), the inequalities 

0 < | dhy(Z,A)/dZ| < 0 < | 0(hi, he) /0(Z,A)| << 
are satisfied. ILence (13) can be solved either in the form z; =h(22,A) or in 
the form = y(z,,A), with (0h/0A) 0 and (09g/0A) respectively. Let 


us suppose for simplicity that the formula z; = h(z2,A) holds in what follows. 
If {Z,A} runs through all values of S $,°(A), the set of all points 


(21,22), = /,(Z,A) forms a hypersurface which can be considered as the 
sum i®= S ¥,°(A) of lamellae 3*(A), each of these lamellae being a piece 
AE 


of an analytic surface. We suppose that the points of each 9°(A) correspond 
in a one-to-one manner to those of B°(A). Let 3*(A) consist of less than r 
connected components for all A, a denumerable set n° of values excepted 
(r fixed, not depending on A). We denote the image of B2(A)— B?(A)+ b(A) 
by and we set = S ¥2(A). 

A point of i* is called a J-point if it corresponds to an interior point of 
B(A), and if A& n°; it is called a A-point otherwise. Since we state the main 
theorem for the neighborhood of J-points only, we may suppose for simplicity 
that, for the segments of analytic hypersurfaces considered, in the following, 
¥°(A) is always the circle | Z| <1 and that the set n° is empty. 

4. Lemmas. Coro“tary to LemMa® I. Consider a domain Dt the 


boundary of which contains a segment ° of an analytic hypersurface satis- 


*A preliminary report of this result has been published in the Comptes Rendus 
de l' Académie des Sciences, vol. 207 (1938), p. 711. 
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fying all assumptions of 8. Let fn(z,22), (n= 1,2,°- -), be a family of 
functions analytic in WM, and let us denote the values fn(hi(Z, A), h2(Z, A) ) of 
»oni® by F,(Z,A). Suppose further that the Fn(Z, 2) satisfy the hypotheses 


of Lemma I. Then the functions fy(2,, 22) form a normal family in i®. 


Proof. If we write F(Z,A) = the F(Z, A) satisfy 
the hypotheses of Lemma I. It follows by this lemma that a subset F’,(Z, d) 
can be found which converges uniformly to a limit function in every domain 
|Z|Sp<1,0SAS 2m. Therefore fn(21, 22) = fn[hi(Z, A), h2(Z, A)] will 


converge uniformly in each closed domain i*, consisting only of J-points. 


Hence the f,,(2,, 22) form a normal family in i. 


LemMa III. Suppose that the boundary m* of Mt contains a segment i 
of an analytic hypersurface of the form z,=h(%,X), U? being a 
simply connected domain containing Let each section M*- = ts], 
t, € U* be a simply connected domain, the boundary of which is supposed to be 
a Jordan curve containing at most two K-points of i® and depending con- 
tiuously on t, in the Fréchet sense. We suppose further that the K-points 
mentioned vary in a uniformly continuous way with te. 

Let fn(21, 22) be a family of functions which are analytic and uniformly 
bounded in M*, satisfying (2), and converging in M*—i* to an analytic 
function f(z, 22), (21,22) eM*—i. Then this family is also normal in 
M+ — + and for each point (t,, t.) 

lim fn = f(t,  f(&, 2) 
(24) 22) (ty, ty) 
holds, fx being a conveniently chosen subsequence of fn. 
(With regard to the significance of i*, see 2.) 


Proof. Let = g¢(4, t2) be that analytic function which maps the domain 
D*(t,) - [z, = t,] conformally on the unit circle | <1. According 
to a theorem of Courant-Rad6,® g(z;, ¢2) is continuous in the closed domain 
%+— S D*(t.), since the boundary of D*(¢.) is a Jordan curve varying con- 


tinuously in the Fréchet sense with ¢,. Let p* be the boundary of §8*; about 


each K-point let us describe hyperspheres §,*(8), with radius 8, which cut 
from p* a set of points qs°. In all remaining boundary points the sequence 
fn(%, 22) converges uniformly to a limit function f(z, 22), which is uniformly 
continuous in p*-—qs*. For, by the corollary to Lemma I, the fy, (2, 22) 


*R. Courant [Nachrichten Géttingen (1914), pp. 101-109, and (1922), pp. 69-70]. 
T. Radé [Acta, Szeged, vol. 1 (1922), pp. 180-186]. 


te 


ll 


we 


3 
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converge uniformly in the interior of i*, and for the remaining part of p* — qe 
the convergence is ensured by hypothesis. 
By virtue of the continuity of g(z,,t.) in $8*, the points of qs* are mapped, 
for t. fixed, on points within circles R,*(tz,¢) with radius e(8) and lim e(8) 
60 


= 0 around the points P,(t:). corresponding to the K-points. On the re- 
maining part of | £| 1, f[z,({, t2), t2] is uniformly continuous with respect 
to 

At each interior point (2,, 22) of %* we define a function 


This equation remains correct if f is replaced by fn. Now fn converges uni- 
formly to f on | | = 1, except for a set of arbitrarily small measure. There- 
fore, for all interior points of $* 

(15) lim fn(21, 22) == f (1, 22). 


In view of the normality of the family f,, f is an analytic function in +. 
Equation (14) gives the representation of the real and imaginary part 
of f (41,22) = u(%, + 22) by the Poisson integral formula. Con- 
sidering (2,22) and v(%, 22). respectively, as families of potential functions 
of z,, depending on a parameter z., we can apply Lemma II. If (¢,, 22) isa 
point of B*— S §H,*(8), the function f(z,, 22) converges uniformly (with 
respect to 2.) to f(ti,22) when and (2,22) D?(z2). If there is a 
point t2) © -—qs* and a set {z,"”, e — S H,*(8) converging to 
v 


it, we may write 


(16) f (21, 20) f (tr, to) | S | 20) — 20) | 
-t- 


— f(t, t.) 


Here the sequence ¢, is chosen in such a way that 
(t,, ) em: [ 20 — | 


and ¢,'”)-»#, holds. This choice is possible iri view of the fact that the 
Jordan curves m®- [z, = 2,'”)] are continuous in the Fréchet sence and that 
the K-points, determining qs*, vary in a uniformly continuous way with t2. 
Now the first member on the right side of (16) converges to zero in view of 
Lemma II; the second member converges to zero on account of Lemma I 


7 2, = 2,(§, is the inverse function of = g(#, 2°). 
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if (¢,,t2) or because of the hypothesis if t2) € M+ — This result 
together with (15) proves Lemma ITI. 


5. The main theorem. Lei Mi be a domain whose boundary contains 
the segment t* of an analytic hypersurface. Let fn(2,22) be a family of 
functions which are analytic and uniformly bounded in M* + i. If fn( 21, 22) 
satisfies in addition condition (2) then the sequence fn(2:, 22) forms a normal 
family in M* + i, and in each J-point (t;, tz) of # 

lim fim(t1, t2) = f(t, t2) = f(@, 2) 
( 


OOo (ty, ty) 


holds for each convergent partial sequence of fn. 


Proof. Let us suppose for simplicity that the J-point considered is the 
point (0,0) and that in a certain neighborhood of it t® can be written in the 


ot. 


Fig. 1.° 


form z;=/h(z.,A). According to the developments in B. (p. 80), we can 
construct a cylinder 


|v, | S8, + + Se 


which is divided by i* into exactly two parts. Let that part which lies inside 
M+ be called further set: 1° -M* — h*. The part u* — h* of the boundary 


8 The visualization of the four-dimensional domain carried out in our illustration 
is such that the Im(z,) is interpreted as the time. Any given figure is the intersection 
of the domain under consideration with the space Im(z,) = const. See Jber. deutsch. 
Math. Ver., vol. 42 (1933), p. 238 and Journal of Mathematics and Physics (M.1.T.), 
vol. 20 (1941), p. 107. 
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of M* lies inside Yi; we can therefore choose a partial sequence f, among 


the fx, converging on The boundary of D*(t.) = = te], 
toe ll? consists of 1) an are z,;=—hA(t.,A), 2) the straight lines 2, = fz, 
Ve |", and 3) a, = 8, This curve is a Jordan curve 
varying continuously in the Fréchet sense with ¢.. Lemma III is therefore 
applicable, and it is possible to choose a convergent sequence fy which con- 
verges in ¥t* + p® and which satisfies 

(17) lim fe (t1, te) == f (t,t) = lim f(%, 22). 

n’—>X (21) 22) (ty, ty) 

According to the Heine-Borel theorem each interior part j* of i® can be 
covered by a finite number of pieces ,°, such that each point of j* lies in 
the interior of at least one h,*. The corresponding domains 9,‘ cover a certain 
adjacent part Z* of M*. Using the diagonal method, we can choose a partial 
sequence fy which converges to a limit function f in this domain and satisfies 
(16) on the boundary. On the other hand, the f, also form a normal family 
in the remaining part of i, and since each point in Mt can be joined with 
%*, it follows by a well known argument that the sequence f,, converges in the 
whole domain Yt!. This proves our theorem. 

The same result can be obtained if 9t* has a denumerable number of 
boundary hypersurfaces. If, in particular, i is bounded only by pieces of 
analytic hypersurfaces, then the family of functions f»(2, 22) is normal on 
the whole boundary, except for a two-dimensional manifold of the K-points. 
For these types of domains, however, this manifold forms precisely the dis- 
tinguished boundary set; in this case our theorem shows that the distinguished 
boundary surface indeed plays the role of the boundary curve in the theory 
of one complex variable, while the remaining boundary points of Mt* are more 
akin to the interior points of the domain. 

Under rather weaker restrictions on t* it suffices to require that the 
fn(41, 22) are continuous and bounded in i’, since such a function must be 


an analytic function of Z (see 2) in each lamella. (See Bz, p. 606.) 


le 
mn 
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ON NECESSARY CONDITIONS FOR RELATIVE MINIMA.* 


By Mary JANE Cox. 


Introduction. Within recent years several papers have been published by 
McShane * on the subject of establishing, without assumptions of normality, 
necessary conditions and sufficient conditions for a function to have a mini- 
mum, subject to certain conditions on the independent variables. For the 
problems of Lagrange and Bolza in the calculus of variations, he has proved 
the existence of a set of multipliers with A, = 0 for which the multiplier rule, 
the DuBois-Reymond relations, the transversality conditions and the analogues 
of the Weierstrass and Clebsch conditions all hold as necessary conditions for 
a minimum. He has investigated the possibility of choosing a system of 
multipliers with A» 2 0 for which the second variation is non-negative and 
has shown that, if the order of anormality is not greater than 1, the choice is 
possible.? 

Likewise, under the assumption that the multiplier rule holds for a set 
of multipliers with A, = 0, McShane * has obtained sufficient conditions for 
a weak relative minimum in the Bolza problem. Quite recently, using a non- 
negative Ao, F. G. Myers * has established a sufficiency theorem for the type of 
minimum known as a semi-strong relative minimum. 

The purpose of the present paper ° is to establish a theorem of a rather 
general nature, in which is proved the existence of a set of multipliers with 
Xo = 0 for which not only the necessary conditions for the minimum stated 
above hold, but also so does the non-negativeness of the second variation. 
However, the multipliers are dependent, in general, on the choice of the family 
of comparison curves in which the minimizing curve is embedded. In the 
proof, use is made of the theory of convex sets, a method introduced by 
McShane.*® 


* Received November 19, 1942. 

1 See, e. g., E. J. McShane, (4 to 9). The numbers in parentheses refer to the brief 
bibliography at the end of this paper. 

2 Loc. cit. (7). 

3 Loc. cit. (9). 

*F. G. Myers, (11). [Added in proof: M. R. Hestenes has announced (Bulletin 


of the American Mathematical Society, vol. 49, p. 855) that he has established the 
corresponding sufficiency theorem for the strong relative minimum]. 

5 The author is indebted to E. J. McShane, who proposed the problem and gave 
many valuable suggestions during the course of its development. 

°K. J. McShane, (5, 6, 7). 
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1. The general problem. Throughout the paper, we shall use the sum- 
mation convention on repeated indices. In this section, the range of the 
symbols a, 8, j is as follows: «=0,1,---,p; B, j==1,2,---,p. The 
parameter 6 denotes a finite set of numbers b = (b,,: - -, bn), while e repre- 
sents a single number. 

We assume that f*(z) are real valued functions defined on an aggregate 
Z of entities z, which may be called points z. There exists a point z in Z 
such that among all the points of 7, z) gives a minimum to f°(z) subject to 


the conditions 


(1) fF(z) =0. 

By definition, V and W are aggregates of vectors v and w, respectively, 
in (p-+1)-dimensional space having the following property: if Un 
is any finite collection of vectors v of V and w is any vector of W, there exists 
a function z(0,,- - -.bn,e) defined on the set 
(2) hk >0 i1,---,n) 
such that f*(z(b,e)) is of class C* on the set (2) and, for be 0, the 
following relations hold: 

(3) z(0, 0) = Zo, 

(4) df*(z(0, 0) ) /9b,, = 
(5) 0f°(2z(0,0)) /de = 0, 

(6) af8(z(0,0)) /de = 0, 

(7) 0°f"(z(0, 0) ) /de* = w*. 


Let the set V* be defined as the set of all vectors 0 of the form 
QU, +° 420, in V, Evidently V* con- 
tains V. Furthermore V* has the properties of V postulated above. For let 
Ti,° * *, Un be any finite collection of vectors of V* and let w be any vector of 
W. Suppose that 7;.---, vq are the vectors of V involved in 7j, (7 =1,---,m). 
Then Oj = ajxtx, = 0 (kK =1,- -,q). Corresponding to -, vg and 
w, there exists a function 2(b;,- - -,bg,e@) possessing the properties stated in 


the preceding paragraph. The function 
Dn, e) = 2(bjaj1, bjajq, e) 


has the needed continuity properties, satisfies the relations (3), (5), (6), and 
(7) and furthermore 
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af2(2(0,0)) 
ab; 


Hence relation (4) is satisfied likewise. 
It is not difficult to prove that V* is a convex cone with vertex at the 
origin.’ Henceforward, we shall use the more general set V* as our set V. 
We now define an aggregate V* as the set of all vectors u such that w in 


V* implies the existence of a vector v in V satisfying the relation, 
u=v-+ eo, «= 0, & = (1,0,---,0). 
It is easily shown that V* is a closed convex cone with vertex at the origin. 
We shall establish the following theorem: 


THEOREM I. Jf f°(z) has a minimum on Z at 29 subject to the conditions 
f8(z) =0 then for each vector w in W, there exist numbers ly = 0, 1,,: - -, lp 


not all zero such that for every vector v in V it is true that 


(8) = 0 
and also 
(9) 1,w* = 0. 


The essential part of the proof is contained in the lemma which follows: 


LemMMA. The vector —w is not interior to V*, the closure of the conver 
set V+. 


> Suppose the statement to be false. Then, —w, being interior to V*, is 
necessarily interior to V*. Hence for a sufficiently small positive number , 


it is possible to find a vector i, also interior to V*, such that 


(10) —w=ti+ bo, 
that is, 
(11) i° + < 0, = — wh, 40. 


If a sufficiently small positive number 6 is chosen, the vectors 


u, (0,8,0,- - -,0) 
=i + (0,0,8,- - -,0) 


(12) 
Up = t+ (0,0,° -,8) 
Up. =U + (0,— 5, - -,—8) 


7E. J. McShane, (5, 6). 
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are all interior to V*. It is evident that 
(13) ux = (p+ 


Now since each wu, is interior to V* there exist vectors 1; in V and numbers 
yk = 0 such that 
(14) Uk = Un + (k==1,---,p+1). 


From (11), (13). and (14) we obtain 


pri 
and 
pt 
(16) [1/(p+1)] ¥ vf = = — w8, 
k=1 


Referring to the definition of the sets V and W, we see that, corresponding 
to the vectors v; and w, there exists a function z(b,,-° - -,bp..,e), defined on 
the interval (2), the values of which represent points of Z reducing to 2) for 
'—e=0. Furthermore z(b,e) defines functions f*(z(b,e)) of class C? on 
(2) such that their first and second derivatives f%,, fc, f%ee satisfy the relations 
(4). (5), (6), and (7) with w and the vectors x of (14). The functions 
o*(b, e) = f*(z(b,e)) are of class C? on the set (2) and can be extended * to 
be of class C? on She, —hSeShsh,y>0, (k—1,---,p+1). 
However, by the definition of V, the values of ¢%(b, e) can not be interpreted 
as values of f*(2(b.¢)) unless b; = 0 and e= 0. 

Consider the equations, 


(17) $°(b,e) = 0. 


These have initial solutions b=e—0O by (1). At b=e=0O, by (4) and 
(14), we see that the jacobian is 


This expression, being a polynomial of degree p in 8, is not identically zero.° 
Its value is not equal to zero if we choose 8, as we may, so as to avoid the 
zeros of the polynomial. Consequently, by the implicit function theorem, 
equations (17) determine the b; uniquely as functions of by,, and e, such that 
the solutions b; = b;(b).:,e) are of class C? near bpy,,—e=0 and also 
b;(0,0) =0. 


R. Hestenes, (3). 
*To be specific | 8; (0,0)| = a6 + 4), as is readily computed from (12). 
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If we differentiate the identities 
with respect to e, we find that at b = e = 0, by virtue of (6), 


By the remarks following (18), this gives us 


0b; (0, 0) 
(21) = 0) (j=1, 


Suppose now that bp,, is assigned the value e?/2(p+ 1) and define 
(22 b(e) (e) (b(e), €). 
Differentiating B;(e) with respect to e, setting e = 0 and making use of (21) 


and (22), we obtain 
(23) B;’(0) =0. 


Now equations (19) have become identities in the single variable e; 
namely, $°(B;(e),b(e),¢) =0. As a consequence of (23), the second de- 
rivatives d*¢5/de? reduce at e = 0 to 

d*®/de* = (0) Bj’ (0) 4- +1) ] + = 0. 
Referring to (4), (6) and (7), we see that this is equivalent to 
(24) = + + 1)] + w® =0. 


After substituting the value of w® from (16) and collecting terms, we find 
that equations (24) reduce to 

(25) vj°(B;’"(0) —-cj) =0 (c; =: ‘== Cp=1/(p+1)). 
Since | v;* | 40, it follows that 

(26) =c; = 1/(p+1) >0 
From (22), (23) and (26), it is evident that b(e) >0 and B;(e) > 0 for 
enear 0if0 eh. 


Let us consider now the function $°(e) = f°(z(B;(e), b(e),e). Making 
use of (23) and (5). we obtain for d¢°(e)/de at e = 0 the relation 


(27) = f.°(z(0,0)) =0. 


By the method used in deriving (24), the second derivative d*¢°(e) /de* at 
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e=0 is found to be = 0;°B;’(0) + + 1) ] + which 
by the aid of (11), (15), and (26) simplifies to 


(28) d°p°/de? = + w® — [1(p+ <0. 

Summing up results, we have found functions 

$%(e) 
of class C*? on 0 SeSh,h>O. For all non-negative e near 0 
$°(e) == f8(z(B;(e), b(e),e) =0. 

At e=0, 2(B;(e), b(e),¢) = 2%. Therefore, ¢°(e) has a minimum at e = 0. 
Hence, at e = 0, the first derivative of ¢°(e) is greater than or equal to zero 
and, if it equals zero, then the second derivative of ¢°(¢) is non-negative. The 
first of these inequalities together with (27) implies that 
(29) |e-0 = 0. 
Consequently, at e = 0 the second statement holds; that is, 
(30) (d?*p°/de?) | exo = 0. 
by (28). d°6°/de? <0. This contradiction proves the lemma. 


It is a simple matter now to prove Theorem I. By the lemma, — w is 
either exterior to V* or is on its boundary. If —w is exterior to V*, there 
exists a hyperplane of support separating —w from V*. Every hyperplane of 
support of a closed convex cone passes through the vertex (the origin in this 
case) ; hence it has the equations /gu* = 0, J, not all zero. Thus, by changing 
the signs of the /, if necessary, we have /,(— w*) < 0, while /,u* = 0 for all 
uin V*. If —w is a boundary point of V*, there is a hyperplane of support 
passing through — w; then J,(— w*) = 0, while J,u* = 0 for all u in V+. In 
either case, it is true that ],w* = 0 and Jzu*= 0 for all wu in V*. Since Ve 


contains V, by the definition of V*. we obtain 
(31) l,w* = 0 and Jgv* = 0 for all v in V. 


Also, since the origin is in V, evidently 8) = (1,0,- - -,0) is in V*, which 
implies that /,6,¢ = 0. This reduces to 1, = 0. Hence Theorem I has been 


established. 


2. The problem of Bolza. In this section we apply Theorem I to the 
problem of Bolza in parametric form to obtain the results stated in the intro- 
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duction. Throughout the discussion, the symbols i, j, h, 8, y will have the 
ranges, t= (1,- --,”), j==(1,---,r), h==(1,---,1), 
<n—1), y=(m+1,:--+,n). The prime (’) is used to denote dif- 
ferentiation with respect to the variable ¢. 

The problem to be considered is the following: To minimize the functional 


(32) I(C,a) =6(2) + 

on the class of admissible sets (C, «)*° satisfying the differential equations 
(33) (y(t), y’(t)) =0 (8=1,---,m<n—1) 
and the end conditions 

(34) y*(t.) = T,*(a) (t—=1,---,n; s—1,2). 


For brevity we shall use the alternative notations; 7(C) for the integral in 
(32), and ys‘ for y‘(t,) when referring to the end points of an admissible 
curve. 

As usual we make the following assumptions: R, is a region in a 2n- 
dimensional space of points (y,7) = ,°°°,7") having the 
property that for any (y,7) in 2, and any number k > 0, (y, kr) is also in fj. 
The functions f(y,r) and $*(y, 7) are defined and of class C? for (y,7) in Ry, 
|r | £0, and are positively homogeneous of degree 1 in r. R, is a region of 
points a = (a',- - -,@") in an r-dimensional space which contains the origin 
and on which the functions 6(a) and 7’,‘(a) are defined and of class C*. 

By definition, a set ((’,«) consisting of a curve of class D', 

C: yt =y'(t) (4, 
and an r-tuple (a) is admissible if each (y(t), y’(t)) on C is interior to A,, 
satisfies the differential equations (33) and the matrix || 4%,‘ || has rank m 
on [¢,,¢2], and the point (a) is interior to Rs. 

We suppose that the set (Co,0) consisting of the curve Co: y* = yo'(t) 
and the r-tuple (a) = (0,- - -,0) is admissible. As is well known, if C5 is 
embedded in a family of admissible curves y' = y‘(t,b) reducing to C, for 


b = 0, then the variations of the family along Co, 


(35) ni(t) = 0), 
must satisfy the equations of variation of the side conditions (33), namely 


(36) t, 1’) == () 


1° These sets will be defined later. 
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where by definition 
= (yo(t), yo (t) + (yo(t), yo (t) 


It is likewise wel] known that given a set of functions m:,° - -,7, of class 
D' on [t,, satisfying equations (36) with a non-singular matrix || ||, 
there exists a family of D* admissible curves embedding Cy such that the 
variations of the family along (> are identical with the given functions 
n(t), (hk =1,:--.1). In establishing this theorem, Bliss *! used a device 
which we shall need in the sequel and which has been adapted to the parea- 
metric problem of Bolza by F. G. Myers,’* as summarized in Lemmas 1 and 2 


below. 


LeMMA 1. /f the admissible curve Cy is of class C’, there exist functions 
(Sts 


lo; ali r; y= of whatever class desired 


such that the determinant 


37 (Yyo(t), yo | 
( Yo (t)) ke (45 = 2) 


By definition, the functions #7(¢,7) are chosen to satisfy the relations 
r) =ci(t)ri 


where ¢;(/) are polynomials which approximate as closely as desired con- 
tinuous functions of ¢, the existence of which has been proved by Bliss.** 
It is not difficult to show that Bliss’ lemma holds for functions $%,' (Yo, yo’) 
of class D° and hence the lemma holds for a curve Cy of class D*. 
Now define 
t,p) = Yo (t ) == c(t) pt. 


Any set of functions ni(t) of class D* determines uniquely a set of functions 
of class D® by the transformation 


(38) Ci(t) (x, t, 7). 


The ni(t) satisfy the equations (36) if and only if €'(t) =: -=e"(t) = 0. 
The £¥(t) are continuous except possibly at corners of Co and at points of 


discontinuity of the derivatives ni (t). 


Lemma 2. Let -,e"(t) be functions of class D® on [t,, te] 
and let d’,- be numbers representing the values of the ni (t) at any one 
point to on [t,,t2|. Then since (37%) holds, we cun solve the equations, 


1G, A. Bliss, (1). 121", G. Myers, (10). Loc. 
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(yo(t), + yo! (t) 0, 


for as functions of and 
n = p*(y, 


Since by hypothesis the £¥(t) are known functions of class D° on [t,, te], the 
differential equations 


(t) = p'(n(t), 


have a unique solution y(t) of class D* on [t,,t.] satisfying the initial 
conditions 
(to) == 


It should be noted that the above lemmas are valid if instead of a single 
set we have a finite number of sets - -,y,4(¢) provided the 


variations 7,‘(t), (h=1,---,1), are interpreted to be the derivatives 
yv,*(t,0) where yt = is an l-parametered family of ad- 
missible curves containing for =- - =—0. 


For future reference we shall need the following lemma for the proof of 
which we are indebted to McShane." 

Lemma 3. Let the element (yo(to), 10), To 9, S to S le, be interior 
to R, and satisfy the side conditions (33) with matrix || $8,*(yo(to), 1 || of 
rank m. Then there exists an « > 0, a neighborhood Ne(yo(to)) and a family 
of curves 


defined and of class C* for —eSrSe and ¥ in Ne(yo(to)), with the 


properties ; 
(39-i) 7 is the arc-length on measured from 9, 
ii) ¥*(0,9) 
_ 
iii) Y*(0, yo(to)) =ro'/| ro |, 
dr | 
v) The curves of the family simply cover Ne(yo(to) ). 


Since the matrix || 6%-*(yo(to), 70) | has rank m, it is possible to adjoin 


14E. J. McShane, Lectures on the problem of Bolza delivered at the University of 
Virginia, 1941-42. 
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$°r' (Yo(to), To) 
proof of the lemma follows by an application of the implicit function theorem 


constants ci” so that the determinant is not zero. The 


to obtain solutions r‘ = r‘(y) of the equations 
(40) r) = 0, C4779! 
and then by use of the existence theorems for differential equations to get a 
solution of the equations 
ré(y) 
y(t) 
Lré(y) -ré(y) 
which is possible since the functions r‘(y) are not zero on N.(Yo(to)) for 
small enough. For brevity we omit the details of the proof. 
We turn now to the construction of a family of D* curves containing Co 
and having the properties needed for our problem. The method used is a 
modification of that introduced by McShane.*® 
Let the vector function »(t) = (y(t), --,"(t)) be of class D* on 
[t;, t2] except that it may have a single jump (finite) discontinuity on this 
interval subject to the condition: if »(¢) has a jump r at f, then (yo(#),7r) is 
interior to R,. By definition, a function »(¢) of the type described above is 
called an admissible variation along Cy provided the following conditions hold: 


(41-1) the functions ni(t) satisfy the equations of variation (36) and 
ii) the components of the element (yo(t),r) satisfy the differential 
equations (33) with matrix || 7) || of rank m. 


Throughout the remainder of the paper we shall assume that the conditions 
(41-1, ii) hold. 

We shall prove the following lemma, adapting to our needs methods used 
by Bliss and McShane." 

EMBEDDING LEMMA. Let e = +, be a multiple such that there 
exists a set of functions y‘(t,e) continuous on ty StSte, OS e; Shi, having 
the properties that y‘ are of class D' in t for each fixed e and y‘ and y“ are 
of class C? in e for each fixed t. Let the equations 


(42) y' (t, 0) = yo'(t) (4; StS 
and 

(43) $8 (y(t, e), y’(t,e)) =0 (4, StsSt, OS Shi) 
hold. Let ,(t).- be admissible variations having respective jumps 
ati: in [hy, te]. 


15K. J. McShane, (6). 
16 G. A. Bliss, (1, pp. 15-19, 58-61; 2, pp. 678-679) ; E. J. McShane, (6, pp. 810-811). 
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Then there exists a family of curves 


defined for all small non-negative (e,b), with the following properties: 
(44-1) Each C(e,b) is of class D' on |t,, ts] and satisfies the equations 


= 0 (8 =1,---,m). 
ii) For each e on [0,h] the curve C(e,0) is the same as the curve 


y' = y'(t,e) (4,5 ¢= 4). 


11) The integral I(C(e,b)) evaluated along C(e,b) is of class C? as a 
function of (e,b) and so are the codrdinates of the end-points of 


C(e,b). 


iv) For each h=1,-- -,1 the equation 


0 
OD» [7(C(e, b) ) Je=v=0 Lfy' (Yo(t), Yo (t) (t) 
ty 
+ (yo(t), yo’ (t) (t) dt + f(yo(tn), ta) 
is satisfied. 

We consider first a single admissible variation, continuous on [f,, ¢.]. 
With the aid of Lemma 1, we adjoin polynomials c;7(¢) to the functions 
$°,'(yo(t), yo’ (t)) so that the determinant (37) is non-singular along Cy. 
By the transformation (38), the variation »(¢) determines uniquely a set 
of functions £7(t) of class D° on [¢,, t.], continuous between points of discon- 
tinuity of the derivatives yo", », which together with »(¢) satisfy on that 
interval the equations, 

(45) t, 4’) (yo(t), yo (4) ni + yo (t) ni’ (t) =0 
(7, t, 7’) = (1, yo (t) (t) = 

From the continuity properties of the functions involved in (37), it 
follows that there exists an « >0 and less than every fA; such that this 
determinant remains non-singular along each curve of the family 


(46) yi = yi(t,e) (t; StSh, Se Shi) 


defined by the functions in the hypothesis. Hence Bolza’s form of the im- 
plicit function theorem and the existence theorems for differential equations 
; ‘ 

tell us that the system of equations 


(47) = 0, 7) = (t, y(t, e)) + 


determines uniquely a family of solutions 
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(48) yi =y"(t,e,b) (t; StSt, Se, b near 0) 


with the initial conditions 
(49) yii(e, b) =y'(t,¢,b) = y'(h, + bni 
The solutions (48) possess the following properties: 


(50-1) For each fixed set (e,b) the functions y‘(t,e,b) are of class D* in t 
(C* between corners of yoi(t), yi(t,e), or ni(t)); the together 
with their derivatives y* are of class C? in e and b for each fixed t, 
hence the end-functions y,'(e,b), (s =1,2), are of class C?. 
ii) The family (48) satisfies the equations 
(y(t, e,b), y’(t,e,b)) =0 
identically in t, e, and b. At b=0 it reduces to the given family 


(46), that is 


\\ 


0Se¢S¢) 


(t, e,0) == e) (t, 


and hence by (42) ate= b = 0 to the curve 


yi =.yo'(t) (t; StsSi.). 


The derivatives yyi(1,0,0) satisfy the equations (45), thus defining 


ill) 
Since 


the same set £7(t) on as do the given functions y(t). 


by (49) they satisfy the initial conditions 
(0, 0) = Q, 0) = ni (t; 


it follows from Lemma 2 that the equations 


yv'(t, 0,0) = ni (4; StsSt,) 


hold. 
Next we consider a single admissible variation 7(/) having a jump 7p 0 
: 54, 
at ¢, interior to [/,, ¢2]. 
ivy |= 1, a restriction which we remove later. 


For simplicity we suppose at first that 7) has norm 
Redefine the curve family 
y'=yi(t,e), (4; StSt.), thus; 


(51) yi = y'(t,e) =y'(t,e) 


yi = = y* (to, e) (loc is, 
yi = y'(t,e) =y'(t—1,e) (+1StSt.+1). 
The hypotheses still hold. 

On [¢,,¢)] the variation »(¢) is continuous, so that the preceding argu- 


ment applies. Thus we get the family 
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(52) = yi(t, e, b) (4, StSth, OS near 0) 

satisfying the initial conditions (49) and possessing on [t,, to] the properties 

(50). For convenience we write the end-functions y‘(to, e,b), which are of 

class C? in e and b, in the form 

(53) y* (to, e, == yi (lo, + byt (to — ) + 

where 0(b) is a function of b which vanishes to a higher order than | b |. 
Now if e and 6 are small enough, every point on an arc of the family (52) 

will lie arbitrarily near a point of Cy: consequently the point y(to, e, b) will 

be interior to the neighborhood N,(yo(to)) associated with the element 

(Yo(to), 7%) by Lemma 3. Thus for a sufficiently small positive b, say 


0< b= «, we have an are 
(54) yt = Y* (7, y(to, e, ) 
satisfying the initial conditions 
(55) Y*(0, y(to, e, b)) == yi (to, e, b) 
and having the properties (39,i-v). In particular the equations 
(56) Y,*(0, yo(to)) = To! 
hold at 

Next we map 7 linearly on [fo, f) + 1], thus 


and define 
(57) y(t, =Yi(b(t—to), y(teb)) (to StSt+1), 


thereby obtaining a family of arcs 

(58) yi = y'(t, e, b) 
joining continuously onto the family (52) at the point y(to,e,b). Recalling 
the homogeneity property of the functions $*(y, y’) and making use of the 
relations (39-iv), (51), (53), and (55), we see that the arcs in (58) satisfy 
the conditions (50-i,ii) on [t,t + 1]. The eud-functions y‘(t, + 1, e, b), 
of class C? in e and b, may be written with the help of (53-55) in the form 
(59) y"(to +1, ¢,b) —y"(to,e) + + bY ;#(0, y(to, + 0(b). 
We transpose y(t ,e) to the left member of (59), divide by 6, and evaluate 
the limits of the quotients for e= b = 0, using the equations (51) and (56). 


This yields the equations 


(60) yo' (to + 1, 0,0) = —) + = (to +). 
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Now since the variation »(t) is continuous on [to, t2], we apply again the 
first part of the proof, obtaining a family of ares 


joining continuously onto the family (58) at the point y(t.+1,¢,b) and 
possessing the properties (50) on [¢) ++ 1,t.-+ 1], as is readily verified with 
the aid of (51), (57), (60) and Lemma 2. 

Thus the three families (48), (58) and (61) together form a family of 
continuous curves 


(62) = y'(t, e, b) (45°3464+1 0245605554) 


of class D' in ¢ and such that each (y,y’) on (62) is in R, if e and b are 
small enough. 

The functions y'(¢,e,6) in (62) have all the properties demanded of 
y‘(t,e) in the hypothesis, so that the process can be repeated: Thus the 
restriction to one variation y at a time is no restriction. Hence if we prove 
(44,1i-iv) for the single y, the conclusion will hold for any finite number. 

The statements in (44,1-ii) have been established in the process of con- 
structing the family (62). Likewise we have shown that the end-functions 
ys'(e,b), (s = 1,2), are of class C* in e and b. Along a curve of the family, 
the integral J has the value 


(63) Fy (tse, 6), y"(te,b) 
ty 


to+1 
ti to to+1 


where the arguments in the second integral on the right are (b(t—t), 
y(to,e, 6) ) and those in the first and third integrals are (t,e,b). The verifica- 
tion of (44-iii) is easy and.so we omit the details. As a result of the homo- 
geneity property of f(y. y’), the second integral is invariant under the change 
of parameter from ¢ to + defined by ¢—¢)-+ 7/b, thus it is equal to the 
integral 


After substituting this in (63), a simple computation yields the equation 
0 


ab 


(t) + fr*(yo(t), yo’ (t) (t) Jdt + f(yo(to), 


tot 
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Thus we have established (44-iv) and completed the proof for the single 
variation. Consequently, by the argument made above, the lemma holds for 
any finite number of variations. 
The assumption that | 7) | = 1, made early in the proof, is no restriction. 
For if | +41 the proof is still valid if we replace by 7=7/| 1) | and 
the paramter b by | ro | b. 
CoroLuary. Jf y(t) is a continuous admissible variation, there exists a 
family of curves, y' = yi(t,b), such that y* are of class D' in t and y‘ and 
y* are of class C? in b on [t,, t2], b near zero, and such that each element 
(y(t, b), y’(t,b)) is interior to Ry. The curves of the family satisfy the 
equations 
y'(t,0) = yo'(t) (,5tS1,), 
yot(t,0) —n!(t) 

and 
(y(t, b),y’(t,b)) =0 


identically in t and b, t; St Sts, b near zero. 

The corollary is an immediate consequence of the preceding proof if we 
apply the lemma with ej; =0, 1=—1, y‘(t,e) =yo'(t), mi(t) =7'(2), 
r,! Q. 

Suppose now that we are given a finite set of admissible variations 
such that 7 is continuous on t2] and »,, (A 
satisfy the hypotheses of the lemma. First applying the corollary, we embed 
Cy in the admissible family 

C(e): (4, Stst, |e| Se) 
such that 
yei(t, 0) (L) 
Then applying the lemma, we embed the curves of the family C(e) defined 
on 0 =e Se in the family 
such that 
yv,' (1, 0,0) S¢ 


and 
yet (t, 0,0) = yet (t, 0). 


17 By using here the symbol e for the parameter b occurring in the family of the 


corollary, we retain the notation employed in the lemma. 


g 
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We choose 1+ 1 sets of arbitrary constants i, wij, (7 =1,--°,73 
h=1,:--,l) and define 
(65) == ef) + 


For all small non-negative values of e and b,,- - -,b: these points are interior 
to Substituting these in the functions and of (32) and 
(34) respectively, we obtain functions + braun), T's‘ (ei + braun) of class 
C* in (e,6). Consequently, the admissible set (C(e, b), e% +- baun) gives to 
the function J(C,a) in (32) and to the functions (s =1, 2), 


in the end-conditions (34) the respective values 


(66) J(C(e, 6), ett + = + + 1(C(e, b)) 
and 
(67) (e,b) — Ts* (et + $=1,2). 


These are evidently of class C* in e and bh a. 

It is easy to verify the equations below for the partial derivatives of the 
functions in (66) and (67) with respect to e or to b; ate = b=—0. We denote 
differentiation of the functions 6 and 7’,' with respect to a or a* by writing 
the subscript j or /; also we omit writing the argument ¢ belonging to the 


functions Yo, 7, 7, and their derivatives. 
(68) =—J(C(e,b), ef + drun) = Un) 

= 60; (0) +f (Yos Yo + Fré(Yos Yo + F(yo(tr), Tr) ; 
(69) < J (C(e, b), ett + |e-v-0 = J1 (7, 


= 6;(0)ai + [fu (Yos Yo + (Yos Yo Jat ; 
e ty 


(70) d(C(e, et + dawn) | e=v-0 = J 2(7, 7) 


at 


ty 


et 


+ f (Yos Yo’) (t,.0) + fri (Yos Yo’) 0) Jdt 
t, 


where by definition 


t, ) ( Yos Yo + y's (Yo; Yo ) + (Yo. Yo ) pip! 


(71 ) ys'(e, b) Ti (eu brun) le = 7, *( ts) — Tt, ;(0) 
OV) > 
( s=1,2) 


186 MARY JANE COX. 


with similar equations holding for the partial derivatives with respect to e, 


if », and wu, are replaced respectively by » and @; 
(72) Ae? [yet (e, b)-— Ts? (ea + dawn) |e-v-0 = (te, 0) — Ts, jn (0) 
3. Application of the general theorem to the problem of Bolza. We 
are now in a position to apply Theorem I. We make the following definitions, 


Z is the collection of all admissible sets (C,a). We assume that 
Zy = (Co,0) is in Z and minimizes the functional J(C,«) on Z, subject to 


the conditions 


= T,*(a) s==1,2). 
V is the aggregate of all vectors v = (v°,- - -,v?") in 2n + 1-dimensional 
space such that there exists a set (y,u), wherein »= (7',:*°,7") is an 
admissible variation and wu = (u',: - -, wu") is an arbitrary r-tuple of numbers, 


satisfying the relations 


= J, (7, u), 


where J,(7,u) is defined formally by the right member of (68) with h —1. 


W is the collection of all vectors w= (w°,- - -,w*") such that there 
exists a set (7,a%), wherein is an admissible continuous 
variation and = (i',- - -, is an arbitrary r-tuple of numbers, with the 


properties ; 
(74-1) there exists a family of admissible curves of class C? in e, 
= y'(t, e) OSeS¢) 
satisfying at e = 0 the relations y-‘(t,0) = 7‘(t), 
li) Ji(7,%) S0, 
iii) (te) — (0) a) = 0 (s = 1,2), 
iv) 
wi == yee (t,,0) — T*, (0) 


where J,(7, and are the respective functions formally defined by 


the right members of (69) and (70). 
Now given any vector w in W and any finite collection v,,- - -,v: of 


y 
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vectors of V, by definition of the sets V and W there exists a collection 
such that the set (7,a%) has the properties 
(14,i-iv) and the sets wa), (hk =1,:-~-,1), have the properties (73). 
By the hypothesis on the set W, there exists a family of admissible curves, 
Cle): yi=yi(t,e) (45¢tSh, 
such that C(0) = and ye(t,0) = StSt.). By the embedding 
lemma, there exists a family of admissible curves, 
C(e,b): (AStSh, 


such that 
C'(e,0)=C(e), (0,0) =C(0) =, 


and also 
(t, 0,0) = (4, StSt,; h—i,:--,l) 
and 
ye'(t, 0,0) = yet(t, 0). 


Choose a/ = + as in (65). Then z(e,b) = (C(e,b), ead + drun) 
isin Z and z(0,0) = (Co,0) = 2. The functions J(C(e, b), et + Ddrwn) and 
ys'(e,b) — + baun) are of class C? on StSh, OSeSe, 
0< base. Furthermore by (68), (71) and (73), 


0 
0 b h 


0 
5p, (e,b) —- + brawn) = (G—1,- s 1,2) 
h 


(J (C(e, b), ett + brun) | e=b=0 == - -,8), 


and also by (69), (70), (71), (72) and (74, 1-iv), 


A 
(Cle, b ) eu + | 0, 

[ys*(e, b) (ea brut, ) Je-v=0 == (0) (s = 1, 2), 

J (( (e, b), éu braun) | e=d=0 

de? [ b) — + ) with (s= 1,2). 


Consequently the hypotheses of Theorem I are satisfied. 

We observe that if 7(¢) is a continuous admissible variation and @ an 
arbitrary r-tuple such that the set (7, 7%) has the properties, (74, i and iii), 
then —7 is also continuous and admissible and (— 7, — 7a) likewise has these 
two properties. For by the corollary cited above the curves of the family 
y'(t,e) satisfying (74-i) are defined on —eSeS+ ec. Consequently under 


e, 
1S, 
at 
to 
al 
in 
e 
18 
e 

| 
3 
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a mapping of [0,——«] onto [0,«] such that + e corresponds to — e, we obtain 
a family y*'(t,e), (0 Se Se), for which the equations 


and also 


hold, Thus the functions in the right members of (74-iv) are not changed 
if (7,a%) is replaced by (—%,— a). Hence it is immaterial whether or not 
a set (7,%) which possesses all the properties needed for the definition of a 
vector of W, except possibly (74-i1), satisfies that condition also. For, if not, 
by a change in signs we obtain a set which does have all the properties (74) 
and hence defines a vector w. By the remarks above, the right-hand members 
of (74-iv) are identical for these two sets. 


Hence we have the theorem. 


THEOREM I]. Let the set (Co,0) consisting of the curve 
Co: yt = yo*(t) (¢, St S t,; toa 


and the r-tuple 
- -,a7) = (0,-- -,0) 


minimize the functional 
te 
J(C, 2) = 6(2) +f i(y(t), y’(t)) at 
ty 


on the class of admissible sets (C,a) satisfying the differential equations 


(u(t), y’(t)) =0 (B=1,:--,m<n—1) 
and the end-conditions 

== T',*(a) (s = 1,2) 
Let = (7 (t),- (L)) be a continuous admissible variation and 
(i',- - -, 7”) a set of numbers such that 


ni(t.) — Ti. (0) = 0 


By the corollary to the embedding lemma there exists a family of admissible 


Curves 


IA 
AN 


yi =y' (te) (t; 


satisfying on [t,, t2| the relations 
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y'(t,0) = yoi(t), 
ye'(t,0) = 7'(t), 
(y(t, e), e)) =0. 


Let y‘(t,e) be such a family. 


Then there erist numbers ly = 0, 1,,° + +, len, not all zero, such that for 


every admissible variation y(t) and every set of numbers u= + 
it is true that 


\ 


and also 
2. Lod + lil ytee (ti, 0) — jn(0) | 
+ (te, 0) — = 0 
(tam 

4. Necessary conditions for a minimum. By the usual method ** we | 
can prove that, with the exception of the Jacobi condition, the necessary con- 
ditions for a minimum follow as a consequence of the first inequality in the 
conclusion of Theorem II. This we shall do briefly. 


First we state without proof a lemma due to Bliss.’® 


LEMMA. Jf Xo, C1,° °°, Cn are arbitrary constants, there exists a uniquely 
determined set of functions A, (4: StSte), such that tf 
we define 
(75) F(y, 7) + Aph®(y. 7) + (4,1), 
the equations 

e’ ty 


ave satisfied at every point of the minimizing are Co. 


Now the first inequality of Theorem II holds for every set (yw) in 
which y(¢) is an admissible variation and w is an arbitrary r-tuple of numbers. 
In particular, it holds for every (», u) wherein y(t) is a continuous admissible 
variation. But then (—7,—w) is also a set such that — 7 is a continuous 


admissible variation. This implies that 


ete 
(77) 1, [0;(0) | [fui (yo(t), yo (t) (t) + frt(yo(t), yo (t) Jat 


ty 


8G. A. Bliss, (1,2); E. J. McShane, (6); F. G. Myers, (10). 
1? Loc. cit., (2, p. 683). 
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Recall that every admissible variation »(t) defines uniquely a set of func- 
tions £¥(¢) by the transformation (38). By Bliss’ lemma, every set of con- 
stants Ao, C1," * *,¢n determines a set of functions A;(t) such that for the 
function F(y,r,t,A) defined by (75). the equations (76) hold. We choose 
Ao =1,= 0. For the moment we reserve the choice of the cj. Making use 
of the sets A;(¢) and £7(t) we add the identity 


te 
to the equation (77) getting with the help of (75) the equation 


te 
(78) [Fy (Yoo Yo's ty + Fr#(Yo, yo’, t, (t) 
— f + —T4,,;(0) + (te) — =0. 


The usual integration by parts applied to the first integral in (78) yields 


(Yo; Yo» t, d) dt | 
ty 
+ ‘ni (t) [ (Yo; Yo, A) —f (Yo, Yo d) dt |dt. 
ty ts 
Substituting this expression in (78) and making use of (76), we obtain, after 


rearranging terms, the equation 


te 
(79) f Fy! (yo, yo’, ty A) dt + + + (li — 3) 
4 (0) — — Ince T's, ] — 0, 
ty 


Now we choose once and for all cj; —1;, where the numbers 1; are the 
multipliers given by Theorem II. Hence by Bliss’ lemma, corresponding to 


the set of constants 


(80) Ao = 1, = 0, 


there exists a unique set of functions A;(¢) for which (76) and consequently 
(79) hold. For the set of constants (80), it follows from Theorem II and 
(77) that the equation (79) must be satisfied for every set of constants u/ and 
every admissible continuous variation »(¢); that is, for every choice of the 
functions £7(¢) and of the numbers 7‘(t.) since by Lemma 2 for every such 
choice the admissible variation 7(¢) is uniquely determined on [¢,, t2]. Hence 
we have still at our disposal the choice of the functions £7(¢) and the constants 
ni(t.) and wi. 
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We choose these as follows, 
fv(1) =2,(¢), 
(t2) = — yo, t,r)dt + + Ini], 
us = — [A9;(0) — 5(0) — (0) J. 


Upon substitution of these values in (79) we obtain the equation 


te 
f (Yo. yo’, t A) dt + + Inns]? 
ty 
to 
[Ao9; (0) 1,T*,,;(0) — 5(0) — f (Ay(t) )*dt = 0 
ty 


from which it follows that the equations 


to 
(81) (A(t) = 0, 
ty 
te 
(82) f Fy*(yos yo’, t, A)dt + 1s + Ins = 0 
ty 
and 
(83) Ao9; (0) —1,T*,,;(0) 5 (0) 0 


must be satisfied. Since the A,(¢) are of class D°, continuous between corners 


of Co, the equation (81) yields 
Ay(t) =0 (y= m-+1,---,2). 


The only reason for the presence of the argument ¢ in the function F'(y, r, t, d) 
is the term A,#7(¢,7) in the definition. Now this term is missing, so here- 
after F will be written F'(y,r,) instead. Making use of (76) and (80) 
we find that the equations (82) yield 


(84) (Yo(ts), Yo (t2), A(t2) ) 
and 
(35) li = ci = Fy*(yo(tr), yo! (41), )- 


Consequently the equations (83) have the form 


(86) — yo (41), ) 74,5 (0) 
+ Fy*(yo(te), yo’ (te), T's, 0. 
These are the transversality conditions. 
Thus the first inequality in Theorem II implies that there exist multi- 
pliers Ao = 0, Ar (¢).° Am(#) continuous between corners of Cy such that 
for the function F(y,r, A) it is true that 
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I. the Dubois-Reymond relations (76) hold on ty StS te; between corners 


of Co the analogues of the Euler-Lagrange equations 


F’-(yo(t), yo (t), A(t) ) = (yo(t), yo (t), A(t) ) 
hold and 
Ja. the transversality conditions (86) are satisfied at t, and tz. 
The multipliers X, Ag(t), (B=1,---,m), do not all vanish at any 


one t. To prove this we note that if A» = 0, the Euler equations reduce to 


Ti (Ap(t) (yo(t), (4) ) = Ap(t) pFu'(yo(t), yo’ (t) ) 
or 
d 


(Yor Yo!) + AB(t) bx! 


Ap’ (t) Yo!) — Ap(t) 


Because of the non-singularity of the matrix || 6%,‘ (yo, yo’) || we can pick out 
m linearly independent equations, which we can solve for Ag’(¢) as linear 
homogeneous functions of Ag(t). It follows from the properties of differential 
equations of this type that if the Ag(/) are all zero for any one value of ¢, then 


Ag(t) =0, (44 StSt., B—1,---,m). Consequently F(yo(t), yo’ (t), A(t) ) 
= 0 and by (84) and (85) the multipliers /,,- - -,J., together with J, =A, 


would all be zero. This contradiction of Theorem II proves our statement. 
The Weterstrass-Erdmann corner condition, 
F (yo(t —), (t —), A(t —) ) = (yo(t +), yo’ (E+). A(t +)) 


at any point t defining u corner of Co, is an immediate consequence of (76). 
We come next to the analogue of the Weierstrass condition : 


Il. For all t in the interval [t1, t2| and all r such that (yo(t), 7) is admissible, 
the inequality 


(87) E(yo(t), yo (t), 7, A(t) =F (y(t). A(t) )— (yo yo’ ACL) ) 20 
holds. 


Let t) be any point in [¢,, t2], and let (yo(to), 70) be admissible. Without 
loss of generality, we may suppose that 7, is a unit vector. We choose a set 


of constants - -,u”) =(0,:--,0) and also a set of functions 
(y=m-+1,---,n), identically zero on [#,,t.]. By applying Lemma 2 


first to [¢,,¢)] and then to [t,t.], we obtain an admissible variation »(t) 
such that 


t 


ox 
f 
t 
| 
| 
| 
a 
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(88) ni(to-—) =O and +) 
while the equations 
(89) PF (n, t, ) === (), (y, ) === () 


hold. Referring to equations (68), (71), (84), and (85), we see that the 
first inequality of Theorem II now has the form 


(90) ro (Yo(t), yo (t) (t) + frt (yo(t), yo (t) (t) 
ty 
ote Nof (Yo(to), 1) (Yo(to), Yo (te), A(tz) (te) 
+ Fr (yo(t:). yo (41), = 0. 

Since the functions £7(¢) vanish identically, equations (89) are linear 
homogeneous differential equations for, 7‘(t), and since the determinant of the 
coefficients of y(t) is non-singular, we can solve for these derivatives. On 
the interval [¢,,7¢,], the functions n‘(¢) satisfy these equations and have the 
final values —) 0; hence we obtain the identities 


(91) ni(t) =0. (4, StSt). 


If we add the functions Ag(t)*(», t, 7’), which are identically zero by 
(89), to the integrand in (90) and recall (91), this inequality becomes 


LP + (yo(t), yo" (t), a(t) (t) Jat 


to 
— F* (yo(te), (tz), A(t2) ) (te) + (yo( yo (tr), ) (4) 
+ (Yo(to), To) = 9. 
Because of (91), the usual integration by parts applied to the first term in 


the above integrand transforms the integral into 


ni(t) Fy! (Yo, Yo, A)dt | + f (t)[F r'(Yos Yo Fy‘ (Yo, yo, A) at dt. 
to to th 


ty 
Substituting this expression in (92), we obtain with the help of (76), (85), 
(88), and (91) the inequality 
Aol (Yo(to), (Yo(to)s Yo (to), A(to) ) = 0. 
Upon addition of Ag(to) b8(yo(to), 70), Which is identically zero because of the 
admissibility of (Yo(to). 10), the last inequality becomes 
F (yo(to), los A(to) ) ro (Yo(to), Yo (to), A(to) ) = 0. 
If t) defines a corner of Cy, then in the above proof we understand yo’ (to) 


to be the right derivative. By simple continuity considerations the preceding 


3 


— 
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inequality is valid at corners if we interpret the y’ as the left derivative; it 
will hold also at the end-points ¢,,¢.. Thus the Weierstrass condition holds 
for all ¢ in t2]. 

By the usual methods 7° we can show that as a consequence of the 


Weierstrass condition we obtain the analogue of the Clebsch condition: 


IlI. For all t in [t,,t.] and all numbers m',- + -,2" such that 
,*(Yo(t), yo (t) =0 (B=1,---,m) 


the inequality 
F (Yo(t), yo (t), A(t) ) = 0 
is satisfied. 


Likewise from conditions II and IFI and the Weierstrass-Erdmann corner 
condition we can get the Dresden corner condition: *4 

If Co satisfies I and II with multipliers 0, AL (t),° -,Am(t) and ty 
defines a corner of Co, then the inequality 


2(Yo(to)), (Yo (to —), Yo (to +), A(t) ) 
= Yo! (to —) Fy (Yo( to), Yo (to +), A(to +) ) 
— Yo! (to +) Fy (Yo(to), Yo (to —),A(to—)) SO 
holds. 


Thus we have verified the statement made at the beginning of this section. 
In so far as the first inequality in the conclusions of Theorems I and II and 
its consequences are concerned, this paper offers nothing new; these results 
having been previously obtained by McShane.** 

Now let the set (7,a%) be such that 7(¢) is an admissible continuous 
variation and = is an r-tuple of numbers satisfying the 
equations 
(93) ni(ts) — T's, ;(0)a) =0 (s = 1,2). 


For this set (7, %) conclusion 1 of Theorem II holds with the equality sign, 
as we have shown; furthermore the second inequality of that theorem is 
satisfied. The foregoing argument of this section is valid. In particular, 
the set of numbers (80) determines uniquely a set of multipliers A, = 0, 
Ai(t),: - -,Am(#) with the properties proved above for which the necessary 
conditions I, Ia, II, and III all hold along C) for the function F(y, r, A). 


2° See e. g., G. A. Bliss, (2, p. 718). 
G. Myers, (10). 
22 E. J. McShane, (5,6). 


er 


ty 
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It is desirable now to express the second inequality in a more familiar 
form. With the help of (80), (84), and (85), this inequality becomes 


(94) (7, i) 
F, (Yo( ts) Yo (ts) ) ts, sn (0) ) [2 0 
where J.(7, i) is the expression in (70). Differentiating the identities 
(y(t, e), y(t, e)) =0 (B==1,---,m) 
twice with respect to e, we obtain at e = 0 the equations 
(95) + + 0) + 0)—= 0 
where the arguments in the derivatives of $° are the functions y)‘(¢) and 
yo' (t) belonging to Cy. lf we multiply the equations (95) respectively by 


Ag(t), integrate from ¢, to ¢, and add the sum of the integrals to (94), we do 


not change the value of that expression. Thus if we define 
A) = (Yos Yo's A) + (Yos Yo's A) (Yos A) 


we obtain the inequality (94) in the form 


te 
(96) i, A) = (0) +f 20 t, A) dt 
ty 


+ | (Yos Yo» eel i, 0) (Yo; Yo: A)yee(t, 0) 


ty 


— Fi (yo(ts), yo (ts), A(ts) )(Yree (ts, 9) — ni (0) | = 0. 
1 


Now we integrate by parts the second term in the second integral of (96), 
applying the process from corner to corner of (Cy, and then make use of the 
Euler equations which hold for the function F'(y, yo’, A) between corners of 
C,. This transforms that integral into the expression 


te 
0)Fet(yo(t), yo! (t), A(t))| 


ty 


Upon substituting this in (96) and collecting terms, we find that all terms 
containing the derivative y‘ee vanish. Hence the inequality (96) reduces to 


* to 
(97) To (iy ti, X) — +f 2u(7, t, 7A) dt = 0 
ty 


where by, are the constants defined by 


bre = + (yo( te), A(t) 


it 
ds 
he 
d 
8 
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Collecting the various statements in section 4, we have the following 
theorem : 
THEOREM IV. Let the set (Co, 0) consisting of the curve 


Coz = yo'(t) 


and the numbers 
ame (a?, - a") (0,- 


minimize the functional 
to 
I(C,a) = 0(a) +f fy (y(t) 
ty 
on the class of admissible sets (C, a) satisfying the differential equations 
=0 
and the end-conditions 
y* (ts) — Ts*(a) =0 s=—=1,2). 


Then tf the set (4,1) ts such that = (7° (t),- 9"(t)) is an admissible 


variation and is continuous on [t,,t.] and i= (i@,---,ia") are numbers 


satisfying 
= 5 (0) a, 


it is true that there exists a non-negative constant A» and a set of functions 
Ai(t),° Am(t) such that for the function 
F(y, y’, 4) =Aof + Ard? +° + Amd” 
the following statements hold 
I. (DuBois-Reymond relations) 
There are constants ,¢, such that the equations 
F*(yo(t), yo (t),A(t)) = Fy‘ (Yo (t), yo’ (4), A(t) )dt + 
hold on the entire interval [t,, t]. 
Ta. (Transversality conditions ) 
At the end-points of the interval [t,, t2] the conditions 
2 
(0) + LFr*(yo(te), yo (ts), A(te) = 0 
1 


are satisfied for each =1,-- -,r. 
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II. (Weierstrass condition ) 
For all t in the interval [t,,t2] and all r such that (yo(t),1r) 1s ad- 


missible, the inequality 


E(yo(t), yo (t), 7, A(t)) 2 0 
is satisfied. 
III. (Clebsch condition) 


For all t in [t,,t2] and all sets of numbers m',- - -,2" satisfying the 
equations 
8,4 (Yo(t), Yo (4) = 0 (B==1,°--,m) 


the inequality 
(yo(t). yo’ (t), A(t) = 0 
holds. 
ITV. The function 
ty 
in which 
20 (7, t, 775A) = (yo(t), yo (t), A(t) 
2F (yo(t), yo" A(t) + (yo(t). yo’ (t),d(t) 


and 
Dan = AcOnx (0) + (yo(ts), Yo (ts), A(ts) (0) J 


satisfies the inequality 
= 0. 


Moreover the constant rX» and the functions Ag(t) can not all vanish at 
any one point of the interval [t,,t2.], and the Ag(t) are continuous except 


possibly at values of ¢ defining corners of Co. 
1. (Euler-Lagrange equations) 
Between corners of Co, the equations 


d 


(Yo(t)s A(4)) = (yo(t), yo" (t), 


hold. 


e 
§ 
|| 
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COROLLARY 2. (Weierstrass-Erdmann corner conditions) 
At each corner of Co, the functions F,* have well defined right and left 
limits which are equal; that is, if ty defines a corner of Co, then 
F (Yo(to); Yo (to -—), A( to ) ) — (yo(to), Yo (to +), rA( bo -+-) 
CoroLLaky 3. (Dresden corner condition) 
If to defines a corner of Co, then the inequality 
2(Yo(to), Yo (t.—), Yo (to +), A(t) ) 
= (to —) Fy (Yo(to). Yo (to +), A(to +)) 
aa Yo" (to +)Fy (Yo(to), Yo (to —), A(to —) ) = 0 


holds. 
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ASYMPTOTIC DISTRIBUTION OF ZEROS FOR CERTAIN 
EXPONENTIAL SUMS.* 


By H. L. Turritrrin. 


1. Introduction. L. A. MacColl [1]* has given asymptotic approxi- 
mations for the number and location of the zeros of a function 


J 
(1) E(z) = Pj exp. q;(z) 
j=1 


when each q represents a polynomial and each P a constant. R. E. Langer [2] 
has studied the zero distribution when each P represents an analytic function 
behaving as a power of z, | z! large, and each q is a polynomial of the first 
degree. In this paper functions are treated in which both the P’s and q’s are 
polynomials of a complex variable z. 

The behavior of the absolute values of the individual terms of EF are 
studied as z—> oo along certain €-curves. Polygonal diagrams are used in 
sorting the terms according to size. This leads to a decomposition of the 
entire z-plane into a finite number of subregions: the W-regions (without 
zeros), and the Z-regions (with zeros). 

All adjoining 7-regions are lumped together into single larger O-bands. 
The number of zeros in each O is computed by estimating the variation in 
amplitude of F as z travels once counter-clockwise around carefully chosen 
closed contours. Only the zeros exterior to a sufficiently large, fixed circle 
iz | == po, called the Co-circle, are counted; those within Cy are ignored. 

The O-bands begin at this Co-circle, are curvilinear in form, extend out 
to infinity in a radial fashion, and cluster about a finite number of rays 
running out from the origin. They fall into three categories: bands bounded 
(A) by two curves each asymptotic respectively to a different line, both lines 
parallel to the same ray; (B) by two curves receding from a ray in such a 
manner that the band approaches constant width as it runs out into the remote 
portion of the z-plane; and (C) by two curves asymptotically approaching a 
line which runs parallel to a ray. 

The number of zeros, 71 (p),in a particular O-band between C) and a larger 
concentric circle of radius p is given by a formula Tl (p) = kp"{1 + O(1/p)}. 


* Received July 29, 1942. 
* References are listed at the end of this paper. 
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Mac Coll [1] and Langer [2] draw the same conclusion, but this approxima- 
tion can be improved if p is restricted to a suitable set of values po, pi, po,° °° 
forming a relatively dense set.” In fact there exists a polynomial ? (p) corre- 
sponding to each O-band such that N(p) = P(p) + O(1), p=pospi.° °°. 
This improved estimate is based on our more precise method of locating zero- 
free regions and on Theorem II which is an extension of H. Bohr’s [3] work 
on Almost Periodic Plane Motion. : 

In 2 complex valued /* functions of two real variables p and o are con- 
sidered. Lower bounds on | F* | are given in Corollary I. Then the varia- 
tion in amplitude of F*(p,0) is evaluated in 3; thus preparing the way for 
the detailed study of the given H(z) in the remaining sections 4-11. 


2. E*-funétions and lower bounds. By definition F*y(p,o) is an E*- 
function of order N if 


J 
F*y(p, a) > exp. {d; — 2ni[ P ;(p) + bjo] J 1, 
j=1 


where the d’s and 6’s are real constants, p and o are independent real variables, 


i= V—1, no two polynomials 
P i(p) = + Disp 


are identical, and at least two bjy’s are distinct. 
The terms of such an #*-function of the M-th order can be regrouped 


and the function written in the form 


K 
(2) F*y(p,; o) => >> Py, x(p) exp { (— Mo 
k=1 


where 
(3) Dina < bow 
and each 
= Dexp {dj + 2mi[Pj(p) + djo]}.- 
j=l 


The d@’s and b’s are real constants and no two of the polynomials 


in any particular © are identical. 


2A given set S of real numbers is “ relatively dense” if there exists a constant L 


such that at least one member of S is located in every interval of length Z on the 


positive real axis. 


[3 


L 
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THEOREM |. /f F'*y is any function of a given finite set S of E*-functions 
of orders not exceeding N and if the x's are defined by writing 


F*y(p,o) = {1 + mea (p, 0) exp{2rbeu(— Mo + ip”) }, 


then there exist fur this given S two positive constants A and w <1 and a 
relatively dense sel of real numbers po, pi, such that 


(4) | > (k | F*y(pj,)| > \¢ | = 
| ma (pj,o) < o >A; and | (pj, 0) | < —.25%, | | <—A 


Proof. Assume that Theorem I is true when V1. As a first step 
toward completing the induction when N > 1, replace M by N in (2) and 


factor out the first term in each @y_,,%. Thus 
(5) = exp {di + 2mi[Pi(p) + bio]} 


with 


Jk 
Vi(p) = exp (Dj + 2at(Bjnp™ + Bip + Bjo)} 


where H = N —1 and the B’s and D’s are real constants. If J; —=1, Vx(p) 
=1. If J; > 1, at least two of the Bjy’s in a particular % are different and 


no two of the polynomials 
Bjnp® -+ Bip 


in any particular Y, are identical. All the ®’s not identically equal to unity 
are /*-functions of orders less than N with o = 0. 

$v hypothesis, Theorem I applies to the set S,, made up of the ¥;’s and 
all the F*y’s of S of orders H < N; i.e. there exist constants A,, w, < 1, 


and p, such that | (pi)! > w,, 


| (ps) > | F* a) | > WwW), | | = Ai; 


| mH (piso) < .5—.254-1, ¢ > A,; and | nKH(p1,0) | < .5— — A). 


Since | %&(p,)| > wi, if the constant w, <1 is positive and less than 


all w, exp d,’s 


(7) | by_1%(pi)| > we; (k ,K); see (5). 


To reduce the behavior of each F*y to that of a first order function, 
replace p*’ by ¢ to get the corresponding auxiliary function 


)- 
l- 
d 


202 H. L. TURRITTIN. 


K 
(8) f(t, p, 0) @y_1n(p) exp No + it)}. 


Then in each auxiliary function set p = p, to get a finite set of analytic func- 
tions f(t, pi,0) of the complex variable w= — No + it, regular throughout 
the entire w-plane. It is evident from (7) and (13) that when o is large and 
positive the first term in (8) is dominant (i.e. largest in absolute value) and 
when o is large and negative the last term is dominant. Therefore if 

f(t, Pi; == [1 + (t, Pi> a) (pr) exp { (— No il ) }, 
for all f there exists a positive constant A, such that 
(9) | mw(t.pi,0)| << 1/4 when o > A, and | nxx(t,pi,0)| < 1/4 when < —A,, 

No f(t. pi,0) vanishes when | a | > A, and the zeros of such a finite set 
of analytic functions are isolated. Hence there exist two positive constants 
to and ws < 1 such that | f(to,pi,0)| > 2ws when | o| S A. 

Van der Corput’s Theorem IV, p. 218 [4], guarantees the existence of a 
relatively dense set of values ¢,,¢.,- - - which cause the quantities Dzytj, 
(7 =1,2,- - -) associated with the various auxiliary f’s, to simultaneously 
approximate, modulo 1, the respective values b;yt) to within any preassigned 
accuracy «. Since |o |< A», the e can and will be chosen small enough so 
that the f(t;, pi, 0)’s approximate, respectively, the f (to, p:,0)’s closely enough 
so that 
(10) | pi,0)| > ws, lo| (j = 0,1, -). 

Then considering simultaneously all terms of the form bjmp,” in the ?;’s 
pertaining to all the ®q_,,%(p:)’s, and ®y_1,x(p:)’s, Van der Corput’s Theorem 
IV [4] guarantees the existence of a relatively dense set of values pi, 
(i =1,2,3,- - -) which cause the respective Djmp;”’s to simultaneously ap- 
proximate, mod 1, the respective values bjmp,” to within any preassigned 
accuracy e«. Furthermore the « can and will be chosen small enough so that 
the p, can be replaced by p; in (6), (7), (9), and (10) without destroying 
the validity of these inequalities provided, at the same time, w, is replaced 
by w. by w./2; ws by we/2; .5—- by .5-—.5(.25)%"; and 1/4 
by 3/8. 

If, however, smaller lower bounds and greater upper bounds were used 
in (6) through (10), these inequalities would remain valid for an even larger 
More precisely, if w, is replaced by w,/4, w2 by w2/4, 


ws by w;/4, .5 —.25%-? by .6 —.25%, and 1/4 by 7/16, all values of p in the 


range of p values. 


intervals 
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(11) (pi — pi + 8/pi®*), (t= 0,1,2,- 


are admissible in (6) through (10) if the positive constant 8 is sufficiently 
small. These intervals decrease in length at a rate proportional to 1/pi4~* 
as pi—> 0. 

When the relatively dense set of values ¢,, to, ts,° - ° 


“3 3 


is mapped on the 
p-axis by the transformation (¢;)*/-Y = p’;, the distances between two successive 
points p’; and p’;,, decrease at a rate essentially proportional to 1/(p’;)*”. 
Hence any interval (11) sufficiently far out on the p-axis must contain at least 
one of the p’;-points. 

In other words there exists a relatively dense set of values such that 


| > wi/4: | @y-1%(pi)| > we/4; 

| F*u(p'is o)| > w,/4, | Ai; F*y (pi; a) | > w3/4, | | = 

| ma(p'i,¢)| <.5—.25%,|a| > Ai; i neu (p'i,c)| << .5-—.254%, < — AL; 
| << 7/16,0¢> 42; and | nxv(p'i,o)| < 7/16, — Az. 


Therefore Theorem I is correct, provided it is true when N —1, if A is the 
largest of the two quantities A, and A.; and w is the smallest of the quantities 


.25wo[.5 + .25%] exp {— | bru |} 


where wo is the smallest of the three quantities w,/4, w2/4, w;/4. 
Theorem I can be demonstrated when N = 1 by repeating the reasoning 
given above; note particularly that all ©, are constants if N —1. 


Coro.tLary I. Given a finite set of E*-functions, there exist two positive 
constants w and B and a relatively dense set of values po, pi; p2,* °° such that 
for all functions F* of the set 


| F*(p;,0)| > wexp {—B (j= 0,1,2,° °°). 


3. The variation in amplitude of F*,y(p, 0). 


LemMa L.1 (taken from Bohr [3]). Given two continuous complex 
valued functions f,(t) and f.(t) of the real variable t and four constants Q, 
w>0,e<w, and ty such that Q>! f,(t)| > w, | fe(t)| > w, and | f,(t) 
—fo(t)| for allt=ty. Then, if the amplitudes ¢$,(t) and ¢2(t) of 


and f., respectively, are defined as continuous functions of t, not only is 


(12) | fi/| fr | —fe/| fe 


2|| < 206€/w*; 
but also, if Qe/w? <1, there exists a definite integer g such that | ¢,(t) 


— — | < rMe/w? for all = to. 


d 
d 
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THEOREM II. Given a complex valued function F* of order N of the form 


J 
(13)  F*¥(p) = exp{ej + + + dip)} 
j=1 


where the c’s are complex constants, the b’s real constants, and the bjy’s not all 
zero; if F*(p) is untformly bounded away from zero for all p= 0, then it 
follows that its amplitude ®*(p) defined as a continuous function of the real 
variable p has the form 


(14) ®*(p) = dyp\ + ++ dip + O(1) 
where the d’s are real constants. 


Proof. If N 1, refer to H. Bohr [3] for a demonstration. If NV > 1, 
let ®(t) @*(t'/"). The same change of variable converts F*(p) 
into a new function F(t) = F*(t’"), which for large values of ¢ behaves 
much like an almost periodic function. More precisely given an e > 0, there 
exists a translation number r= 7(e) > 0 and a constant u=—u(e) > 1 such 
that | F(t +7) —F(t)| <e if t>u. 


Since the | F| has both an upper bound Q and a lower bound w > 0, 


there exists an integer g, see L. 1, such that 
| + 7) —O(t) —- | S t=>u. 


The uniform convergence as s—> © of the quotient [®(¢ + s) — ®(t) ]/s to 
a limit dy follows just as in [3]. Details need not be given. There is but 
one adjustment needed. If t= u, set s—=nr+k, n a large positive integer, 


0=k=r, and use the identity 


t+ s) —(u-+s)] + [@(u) 
+ [(u+s) —(u+nr)] 


= n 


When ¢ > u, use Bohr’s identity, [3], p. 58. 

The amplitude ¢(t) of the function f(t) = F(t) exp {—1dyt} can now 
be evaluated and (14) established by mathematical induction on NV. Note 
first that ¢(t) = (t) -— dyt and that 
(15) lim [¢(¢ + s) —¢4(t)]/s = 0 uniformly for all ¢ = 0. 


8-00 


An auxiliary function 


J 
fi(t,s) = exp {—-idyt} - > (s) exp 
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of the two independent variables ¢ and s is introduced, where 


Jt is almost periodic in ¢ and to a positive « << w?/48Q(J + 2) there corre- 
sponds an infinite set of translation numbers +, and an inclusion interval 
L>1 with nbSm<L(n+1) for (n—1,2,3,---). The Z and the 
7s are independent of s. 

Utilizing the inequalities | 1—-exp {ia}| =| «|, real, and (s 
for s21; s=c=), it is clear 


there exists a constant G independent of s, j, and o such that 
(16) | —W;(s)| aG/s/N, 


Hence, if G@ is so chosen that »= (2GL/e)‘/L is an integer, then when 
= 


Since f, is almost periodic 
(18) | + mm, 8) —fi(t,s)| 


Because of (17) the | + ¢) fi(tau +t, m+t)| Using this 
result and (18) twice, it is found that 


(19) | +t)—f(m+t)|<e(J+2), nZyn, tZ0. 


Since | f(¢)! has the same upper and lower bounds as has | F'(t)|, to 


each n = » there corresponds an integer g, such that 


(20) | t) —- + t) | < 1/3, see 


But all these g,’s are zero: for suppose gj ~ 0,1 = n; then either {$(ris1 + ¢) 
or forall t=0. In both cases 


b(ri + — til) —- | > mz, 
m an integer, and 
lim + m[riss — — | > (tir — Ti) > 0 
contradicting (15). Consequently 


(21) | b(tns1) — $(t)! << 2/3 for all n > ». 


l 

l 

l 

t 
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Furthermore f(t) and ¢(¢) are uniformly continuous on the interval 
0=t< o, just as were # and ©. Hence there exists a constant B in- 
dependent of n such that 


(22) | Bo when (n—1,2,3,- °°). 


Plot the values of f(t.) for +1, n+ in a complex 
f-plane, connecting each point f = f(7,) to the next f =f(tn.,) by a straight 
line segment. This infinite chain D, of connected line segments, while only 
roughly portraying the variation of f(t) as !— o, exactly portrays the fluctua- 


tion of the function 
f2(t) f(t) + [t tn] [f (tn+1) — f(t) ]/ tT), Tn = t = = 


Since | f(t)| > w, | fe(t)| > w/2, see (21). 

Let the amplitude of f.(¢) be ¢2(¢), defining it as a continuous function 
of with d2(t) = Then for all n = », for as ¢ runs 
from tn tO tn, f2(t) traces out one segment of D, and neither ¢2(¢) or 


$(¢) can vary by as much as z, see (21). Therefore (22) can be replaced by 


(28) | — $2(tm)| < By mStStmn, and n= 
Also 
(24) | d2(t) — (tn) | for mStSm, and 


To use induction, convert f,(7n, /) into a function of p by setting t = p’. 
As a function of p, f:(77,p%) is of type (13) and is of order less than N. 
Note first that F(t) and f(t) both have the same upper and lower bounds 
and hence 9 >| f(tn)| >w> 0 for all n. Secondly a double application 
of (18) shows that 
(25) | f1 (7, —f(tn)| < Re 
for all n; and thirdly as a consequence of (16), 


(26) | (77, tn) —-fi(t,; if and n= ». 


These three facts combined make it clear that w/2 < | fi(7,t)| < 20 if t=. 
Thus Theorem II becomes applicable by hypothesis and the amplitude 4, (t) 
of f,(7», #), defined as a continuous function of ¢, is given by the equation 


$,(t) = + O(1). 


When a point representing the complex number tm), =n, +1, 


val 
in- 
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n+ 2,° °°, 1s marked in the complex f-plane, its distance from the point 
f(7m) is not as great as 2e, see (25). As the continuous set of values taken 
on by f:(tn,¢) is traced out in the f-plane as ¢ varies from ry to 0, a con- 
tinuous curve 2, is generated which differs very little from D,. More 
explicitly 


(27) fo(t) —fi (tm, t)| < «(4+ 2J), t => 7». 


This inequality is a consequence of (25), (26), and the fact that, by (19), 
the segments of D., do not exceed e(2 + J) in length. 

From (27) and L.1 it is obvious that there exists an integer g such that 
i bo(t) — oi (1) — | < for t= ry. This result combined with (24) 
and (23) yields (t) —¢,(t)| < B+ + 4/3), and completes 
the demonstration of Theorem II. 


4, Preliminary notation. Returning to functions of type (1), let 


(28) 
k=1 
and P; = cjz"' + terms of lower degree, with the a’s and c’s complex con- 
stants; c; £0; and at least one of the ajx’s ~ 9. 
Then cali any function of structure (1), (28) an H-function. If J =1, 
the #-function is, by definition, of order zero and of degree K. If J >1, 
the order is N and the degree K provided: 


I) There are at least two ajy’s having different values. 
II) No two of the polynomials qg; are identical. 
III) The -:—ay, for k=N+1, N+2,:--,K if 


N < K. 


When the zeros of « particular /-function are to be located, remove an 
exponential factor which will reduce the degree of the function to that of the 
order. The number and location of the zeros remains unchanged and F(z) 
is replaced by 

J N 
(29) E_4(z) = > expQ; with Q; = ajnz". 
j=1 n=1 
The €-curves which are used are given in polar codrdinates by equations 


of the form 


(30) M, + M,/p +: M, Maar log p +. 


lex 
rht 
ily 
ua- 
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ns 
or 
by 
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where z= pexp {i0}. The M’s are real constants adjusted at pleasure as 
portions of the z-plane are explored. 

To compute the magnitude of a typical term P exp Q on é, (the leading 
subscript j is temporarily omitted on all symbols), begin by separating a,2" 


into its real and imaginary parts: 

(31) (anz") = cos(nd — a): &(anz") = sin(n@ — 

where d, =| «a, | and a, is the argument of the conjugate of a,. Let 
(logc) =h and &M(logc) =p, OS p< 2z. 


Then the modulus 9m and argument @ of P exp Q take the form 


N 
(32) In = exp{e(p, 6) +h+ vlog p+ cos(né — } 
n=1 
and 
N 
(33) =e(p,0) + p+ v6 + pd, sin(né — a,). 
n=1 


The e-functions here and in subsequent formulas uniformly approach zero 
as 
If z is on a €-curve with s = N —1, 


(34) log M=Acp’ -+ Ayip+ Ay logp+ Avi +h + e(p) 
and 
(35) Byip + By log p+ + vMo ++ €(p) 


where the A’s and B’s are functions of the M’s which are independent of p. 


To exhibit this functional relationship write 
(36) Ndn sin ( nM, Lyn-n Ndn cos (n M, ) 


for n =1,- - -,N: and let the X’s and Z’s be zero for n = —1 and 0. Then 
the A’s of (34) become functions of the X’s, Z’s, and M;’s; i> 0. In fact 


(37) and Ay=YVx— 1,---,N+1); 
where Yy —v and 


(bes ¥ + 1). 


Each V is a polynomial in the indicated variables. The values of a particular 


— 


ing 


n 
inZ 


Let 


en 
ict 
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Y need not depend upon all the variables listed; for instance Yy,, is 
independent of Alsoif N >1, V,;=0. 

To procure formulas for the B’s of (35) analogous to (37) and (38) 
replace in (37) and (38) each A by B, each Z by X, and each X by (—Z) 
when k=0,1,---,N-—land N+1. The By = MyZ,. 

When | z | is large, it is evident from (34) that the relative sizes of the 


terms of H_, depend primarily upon the quantities 
A j= cos(NM, — Gn). 


The leading subscript j reappears in order to distinguish the quantities per- 


taining to one term from those pertaining to another. 


5. Dominant terms in g;-strips. The zero distribution for F_, is closely 
related to certain critical €j-curves in the z-plane. Once these &’s are located 
each in turn is covered by a g;-strip bounded on the left and on the right by 


two curves 
(39) 6 = 0; + with = mo + mi/p+-:- -+ mi/pi 


where the m’s are real constants, presently to be specified, and 8; is a positive 
constant controlling the width of the strip, arbitrarily selected, but small 
enough to satisfy certain requirements Rix, / —1,2,3. In particular the 
entire z-plane exterior to the Cy circle is called a g_,-strip. 

To each g; there corresponds an E-function E; of order N. Each 2; will 
he formed from /’_, by deleting appropriate terms. The m’s of (39) wili 
be so chosen that the Aj,’s pertaining to the terms of 4; become equal to the 
respective constants A; for k=0,1,---.t when the M;’s of (30) take on 
the values of the respective m,’s of (39). This means that the relative sizes 


0: the terms of /; are primarily controlled by the quantities 
(40) Aj, iss Y 5,441 M jo 


when z is on the curve 


6= 0; + Mis Diss/p™ 


hil 


located in gi. The symbol @j —1 if i< N and —logp if i—N. Note 
also that as z traces out the curve = the X’s and Y’s of (40) do not vary with 
either p or My,,, since M;, = m,, k =0,1,- see (36) and (38). 

To sort the A jo’s of H_, according to size, begin by plotting the points ajy 
in the complex z-plane. Then, using these points, draw the primary critical 


4 


as 
ar 
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polygon Do, as well as each primary critical ray &. These rays radiate from 


the origin and make with the positive real axis the respective angles 


(41) — + 2Br)/N, (aun0,- -,N—1); 


see Mac Coll [1], p. 343. for the meaning of the symbols in (41) and details 
on Dy and & . 

Each & is then to be covered by a go. This means that in (39) the appro- 
priate values for m, are the angular values of (41). 8 is chosen sufficiently 
small, in accordance with ‘ito:, so that no two go’s overlap or have a common 
boundary. The sectors of the z-plane which lie between the consecutive q,’s 
are labelled po-regions. 

To sort the A;,i..’s of (40) pertaining to the F; of a particular gi, 1 = 0, 
plot a point with codrdinates (X jo, ¥j,i.,) corresponding to each term of £; 
in an XY-rectangular Cartesian system. Then, using these points, draw the 
associated Newton or Puiseux diagram * D;,, and note the respective slopes 
Of the successive sides of Dj,,, numbering from left to right. 


The critical curves &;,, of #_, in g; are defined by the equations 


{J --= ©; ; (k =1,- 


Each é,, is covered by a gis, bounded on the left and on the right by 
two curves 


+ (mise + Diss /p™. 


8:4, 1s chosen smal! enough so that in accordance with Ri,,,, no two gi..-strips 
overlap or have a common boundary. Those portions of the gj which remain 
after the gj,, strips are marked off are labelled p,,, regions. 

To each term of =—-1,0,1,- - -,N—1), corresponds a plotted 
point, to each g;,, a corresponding side, and to each pj,, a corresponding vertex 
of Dj,,. Single out a particular g;,, and the corresponding side L;,, in Di. 
Then it is evident from D;,, that, if 8;,, is chosen sufficiently small, the terms 
of F; which become largest (cr dominant) in gi,, are those corresponding to 
plotted points on Lj,,. It will therefore be assumed, as ¥i4:,2 demands, that 
8;., is chosen small enough at the outset to bring this dominance into effect. 
Moreover the dominance is so strong that, if 7’;,, represents the sum of the 
absolute values of the terms of £; which do not correspond to plotted points 


on Li.,, and 7;,, represents any one of the dominant terms 


(42) | exp(— BpX" Pi} in gin. 


® For details see Langer [5], bottom p. 222. 
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Here, and in succeeding inequalities, B is an appropriate positive constant. 
It is also tacitly assumed that po has been chosen sufficiently large at the outset 
so that all inequalities containing B’s are valid on and beyond the C,-circle. 
The function /;,, correspond to gi,, is formed from F; by deleting from 
KF, all terms which are not dominant in gi,,. The terms of £;,, have been so 
chosen that if a particular 7';,, is selected; = Fis and z is con- 


fined to gis: 


(483) Fi: (Pia + in) with | nia | << exp{— Piss}, 
(i =—1,0,1,---,N—1). 


Consequently, if z is in gin, k =—1,0,--+-, ort, andt=—0,1,---,or N—1 
(44) Be= Tin (Fis + gine) with | | < exp{— Bp’ 

6. Dominant terms in p;-regions. With the g;’s located, the /;’s defined, 
and the associated dominances recorded, turn to the p,’s. Consider a particu- 


lar interior p; which is sandwiched in between two g;’s and note that it is 


bounded on the left and right by the two curves 


(45) 6=0,_, + (mi 8: ) i/p' and = 3: ) Pi/p*; 


i=1,---,N. Then glance at the appropriate D; and pick out the vertex V 
corresponding to p;. It is obvious from D, that the largest (or dominant) 
terms ¢; of /_, in p; are those which correspond to plotted points falling on V. 


The dominance is so strong that the 
(46) | | < exp{— Bp’-* pi} 


where /’; represents the sum of the absolute values of the terms of E;_, not 
corresponding to V. Let %; be the sum of the ¢; terms; choose a particular 


t; and set fj = {//;; then as a consequence of (44) and (46) in p, 
(47) = ( fj + nik) with Nik | exp{— Pi} 


for k=0,1,:- + or ¢ and i=1,2,--- or N. The newly defined function 
¥; is an #-function of order less than N since all its terms correspond to a 
single point in each of the D,-diagrams, k = 0,1,- -, 4. 

On the other hand a p; region on the extreme left (or right) in a gy-1 
requires special attention for it is bounded by the two curves 


6 = + and 6= + (mi + 8) 
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and the first of these curves is not of type (45). It might be expected that 
all dominant terms ¢; of Ej, in this p; would correspond to the point Vz at 
the extreme left on D; and that the individual terms ?¢’; not corresponding to 
Vz, would be dominated to such an extent in p; that (46) and (47) would be 
valid. But the following computations show that (46) and (47) may not be 
valid unless 8;_, satisfies a third restriction $j... in addition to Ry-;, and 
Mi-1,2. 

The necessity and nature of this new restriction becomes evident as an 
appropriate upper bound on the log | ¢’;/#; | is computed. For this purpose 
confine z to the curve 
(48) 6 


@;-; m/p** 


and let m vary over the finite range 

(49) (mi: + 8) Pi/p Sm S 

This variation in m makes the curve (48) sweep out the entire p,-region. 
On (48) 

(50) log | t’s/ts | — Avo) + — Avi) +° °°, 


where the leading subscript on each A is set equal to zero when the A pertains 
to ¢; and set equal to one when it pertains to ¢’;. 
As long as z is in p; the M’s of (30) are related to the m’s of (48) as 


follows: 
M;, =m, for (k=0,1,: -,t1--2); = +m and for k21. 


Consequently Aa = 0 for k and the first (1 —1) 
terms of (50) vanish. If the A’s in the remaining non-vanishing terms are 
replaced by equivalent expressions in the Y’s and X’s, see (37) and (38), 
the leading non-vanishing term of (50) becomes m(Xoo — X19)p*~‘*'. The 
leading term takes this abbreviated form because all terms of /;_, correspond 


to collinear points in D;_, and therefore 
Y 34-1 — — (X10 — Xoo) = 0. 
The expansion (50) is further condensed by writing 


This abbreviation emphasizes that m is the only variable when (48) is sweep- 


ing out pj. 
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hat Once all these simplifications are made and it is noted that Xj) = Xoo, 
, at it is apparent that in p; 

to 
(51) log | Ui/ti | << PipN-*{W(m) — (X19 — Xoo) + €(p, m) } 
be where 
wil W(m) = y1(m) — yo(m) — mir(Xio — Xoo). 
To cast this upper bound on the log into the desired form, note that there 
. are three possible locations in the D,-diagrams for the point corresponding 
a to t’;: [I] it may be to the right of vertex V;, and on the segment of slope m;; 
[II] it may be to the right of Vz, but not on the segment of slope mj,; or 
[III] it may be directly below V;. In case [I] W(0) ~0, Xi > Xoo and 
consequently 8;(Xoo— Ayo) is definitely negative and less than a constant 
(— B); in case [11] W(0) is negative and 8;(Xoo— X10) is less than some 
constant (— B) ; and in [LIT] Xoo = Xi) and W(0) is negative and less than 
some constant (— 8%). Hence in all three cases 
on. 
W(m) — 8: — Xoo) + €(p, m) 
will remain less than a (— B) provided the range (49) is sufficiently restricted 
to keep the values of the continuous function W(m) close enough to W(0). 
ins Therefore 6;-, can and, in accordance with requirement Ri-1,3, will be chosen 
small enough and p, large enough so that throughout p; 
as 
log | | < — 
> jf. It is clear from this analysis that 8;_, depends upon 8;. Therefore in selecting 
" a set of 8’s satisfying all the R-requirements, dy is chosen first, subject to two 
restrictions, and next y_, is chosen subject to three restrictions, then 
are dy-o, and so on. 
8), 
Che 7. Subdivisions of a gy-strip. Select any particular gy-strip and the 
ond associated side S of slope my in the appropriate Dy-diagram and split the 
sirip into three parts: two side regions labelled py,, and a central gy,.-strip 
bounded on the left and right by the two curves 
6 = @y_, + (my log p + Ay) /p% 
IN. where Ay is any sufficiently large positive constant satisfying a requirement 
ity. The nature and necessity of this requirement will appear in the proof 


ep- of Theorem III. 


Note that in the py,, on the left the dominant or largest terms ¢; of Ey 
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are those which correspond to the vertex V,, at the left end of S. The domi- 
nance is such that, if t’y,, is the sum of the absolute values of the terms of Fy 
not corresponding to Vz, 


(52) | | <b 


where b is an arbitrary constant less than unity. Further b can be made as 
small as desired by selecting Ay and pp sufficiently large. The computations 
substantiating (52) are analogous to those already given for other ;-regions. 
In this instance py,; is swept out by the curve = @y_, (my + m) log 
as m varies over the range Ay/log p= m S by; and the inequality corre- 


sponding to (51) is 


(53) log | | Sha — ho — An (X10 — X00) + — + €(p, m) 


with the h’s and Y’s fixed. Since in this case X19 > Xoo, it is evident that a 
sufficiently large Ay and p, can be selected so as to make the right member 
of (53) as large a negative number as desired. Consequently (52) holds 
throughout the left py,.-region. Analogous results hold for the py,,-region 
on the right. 

The dominant ty,, terms of Hy are added to form the function Wy,,. A 


particular term ty,, of Wy,, is singled out. Then with 


(52) implies that in py 
(54) Ex, ty) (fre + N+1,k) with 9N+1,k ! b< 1, (k =(),1,-°°,N 1). 


Since all terms of Wy,, correspond to the same point in each of the re- 
spective Do, D,,- - +, Dy diagrams, ¥y,, is an #-function of order less than N. 
Moreover (54) shows that in py,, the behavior of F_, is essentially the same 
as that of the lower ordered £-function Wy,,. Thus we find that the given 
E-function of order N behaves like an E-function of order less than N in all 
portions of the z-planc, except in the gy.-strips. To discover the behavior of 
E_, in these gy,,-strips, the amplitudes as well as the moduli of the individual 
terms must eventually be taken into account. 


A particular gy,, is swept out by a curve 


(55) + (o log p)/p™ 
as o varies from — Ay to Ay. In this region 
(56) E_, = Ty (Fy ) with | see (44). 


Moreover all terms of Ey = T7'yFy have been so chosen that in gy,, the 
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Ajo’s are all alike. The same is true for the Aj,’s, the Aj2’s,- - -, and the 
Ajy’s. Hence when /y is divided by Ty all the A’s disappear and in gyi: 
Fy takes on the special structure 


J on 

(57) Fy(z)= Fy (p,0)= exp{ [dj 2aNbjyo] + Pj (p)+ bjo] + €(p,c) 
jal 

where the d’s and b’s are certain, known, real constants and 


LEMMA 2. In (57) no two of the polynomials P; are identical and at 
least two of the b;x’s are distinct. 


Proof. Since all terms of Ly = TyFy correspond to a specific side S 
in a Dy, there is at least one term 7, corresponding to the left end of S 
and another 7’, to the right end. The b;y’s for 7,/Ty and T./Ty are neces- 
sarily different for ~ 

If two polynomials and P, in any two terms T,/Ty, T2/Ty were 
identical the corresponding A’s and B’s of (34) and (35) for T, and T, 
would be equal. As a consequence the X’s and Z’s of (36) would be equal 
and therefore the corresponding a’s of (29) would be equal. But the Q’s 
can not be equal for this is in direct contradiction with stipulation II, 
4 defining an H-function, therefore no two P-polynomials are identical. 

It is conceivable that for a given o, say oo, Fy(p, oo) is untformly bounded 
away from zero for all large p. If this be true, it immediately follows from 
continuity considerations that there exist two positive constants 8, w such that 
| Fy(z)| >w > | yy,, | if 2 lies in the strip bounded by the two curves 


6 = @y-1 + (oo + + my log p)/p’. 


Moreover it is evident from (56) that in this same strip F_, can not vanish 
I 


and that a zero-free Wy-region will have been found. 
To investigate the situation when o = op, draw the lines 
y = exp{d; — 2aNdjyz}, (j=1,:--,J), 


on semi-log paper to see if the largest value of y at «=p exceeds the sum 
of all other y values. If this is true, Py(p,oo) is bounded away from zero 
for all large p and a Wy can. be marked off as indicated. 

To locate a Wy in this way, it is not necessary that there be a single term 
in dominance, but it is essential that when o = o) and p—> o there be a lower 
hound w for the | Fy(p,o)| which is different from, zero. The author has a 


— 
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method for computing w for any given o, and Fy, but as it is long, no details 
will be given in this paper. 

Those portions of a gy,, that are not definitely known to be Wy-regions 
are marked Z-strips. A gy,, will therefore be subdivided into a finite number 
of regions, alternately marked Zy and Wy. If a gy,, contains no Wy’s, or if 
no time has been taken to locate such regions, the entire gy,, is marked a 
Zy-strip. 


8. The Z and W-regions of an E-function. With the Wy and Zy regions 
located and marked, the remaining unmarked portions of the z-plane can now 
also be subdivided into Z and W-regions. Note first that the W and Z-regions 
for EF will be the same as those for H_, for the zeros of the two functions are 
identical, both as to location and multiplicity. Observe also that since a 
zeroth-ordered H is the product of a polynomial and a non-vanishing ex- 
ponential and since the (-circle can and will be chosen large enough at the 
outset to circumscribe all the zeros of the polynomial, the entire z-plane on 
and beyond Cy is a zero-free W-region for a given zeroth-ordered E-function. 

If an F of order NV > 0 is given, form the corresponding F_, and locate 
the zero-free !Vy and Zy-regions for the H_, as explained in 7. Then label 
each of the unmarked portions of the z-plane a P,-sector of H_,. These sectors 
will be sandwiched in between successive gy,,’s and will be, in general, com- 
posite, for each P, is made up of an odd number of adjacent p;’s, arranged 


iv the following symmetric order: 


With each of these p;’s there is associated a definite H-function Yj = tifi 
of order H < N, see (47) and (54). The particular ¥ which corresponds 
to the central p, of (59) is especially important for it will be found that £., 
and W, behave in essentially the same way throughout Ps. For this reason we 


introduce the following 


Derinition. The Z and W-regions, or portions there of, which pertain 
to W, and are located in P, are the respective Z and W-regions for k_,, as 


well as for E. 


In defining 7’s and W’s of an £ of order N in this way, it is presupposed 
that Z and W-regions of certain EH’s of lower order have been located in 
advance. Such a definition is justified, for Theorem III makes it clear that 
these W’s are actually zero-free. Before stating Theorem III, it is necessary 


to associate with the given # an appropriate relatively dense set of numbers 
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po: pis pz,’ These are radii of the Cj-circles, | z |= ;, which will 
frequently be used as the analysis progresses. 

To locate these circles write down the H_, corresponding to H; draw the 
D-diagrams and cast out insignificant terms to get the Fy functions corre- 
sponding to the gy,; regions. Then erase the e(p,a)’s in (57) to form the 
corresponding F*y’s. In this way there is associated with EF a definite set 
of F*y’s. 

Put these /*y’s momentarily aside and turn to the W’s, which correspond 
to the respective central p,s-regions of the P,-sectors of E. These are 
of orders H < NV. The process is repeated. As the F*y were associated with, 
and derived from, / so there is also associated with, and derived from, each 
of these ¥,’s of orler H >0 a set of F*q functions. These F*y’s are also 
temporarily put aside and adjoined to the F*y’s. 

As the ¥, were associated with HV, so there is also associated with each ¥, 
of order H > 0 a set of Wq’s. These W,’s correspond to the central p-regions 
of the P,-sectors of ¥, and are E’s of order G << H. The W@’s of order G > 0 
are treated just as were the # and Wy’s of order H > 0. F*q’s are set aside, 
etc. Thus the process continues and will end when F*y’s, F*q’s, F*q’s, - 
and F*,’s have been set aside. According to Corollary I there is associated 
with this set of functions a relatively dense set of values po, pi, p2,° °° and 
two positive constants w and B such that for all F*;’s of the set 


(60) | F*;(pi,0)| >wexp{(—B|o|}; 


These p’s are the desired radii for the C;-circles. 


Once the A,’s,- - -, Aq’s, Ay’s, Ay’s are chosen, the widths of the strips 
9Gs15 Corresponding to the respective functions :, Ve, 
v,, HE are fixed. This in turn regulates the allowable o variation, see (55), 
and with p— co the respective Fy’s, 'y’s, Fq’s,: approach uniformly the 
In view of (60) this leads to 

Il. The functions Fy; Fy, Fe,: +, Fy associated with a 


particular E-function of order N are all uniformly bounded away from zero in 
their respective strips Juss 392 tf zis on any C,-circle. 

Given an /, the entire z-plane exterior to the Co-circle can be cut up, 
as previously indicated, into a finite number of Z and W-regions. Let 3 be 
any particular one of these regions, ¥ the sum of the terms of 4 dominant 
in 3, T any particular term of ¥, F = W/T, and ?’ the sum of the absolute 


values of the terms of 7 not in ¥. Then by 


THEOREM III. There exist two positive constants w <1 and b such that 
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(61) E=T(F+ 7) and | F(z)| 


if zis in a W-region, or if zis in a Z-region and in addition | z | = pos pi; p2,°**- 


In both cases the F of (61) is either unity or an E-function of order and 


degree H = N and has in 3 ihe special structure (57), H replacing N. 


Proof. When N =0, Theorem III is true and trivial, for there is only 
one d-region, the entire z-plane exterior to the Cy-circle, and it is a zero-free 
W-region. The F in this case reduces to a single term 7; F=1; n»=0; 
w= 3/4; b—1/2. 

Granting that Theorem III applies to all #’s of order H < N, it remains 
to be shown that the theorem also holds for £’s of order N. For this purpose 
select from sequence (59) a particular region pm. Then in accordance with 
(46), (47), (53), and (54) in this pn 


(62) bm (fm + nm ) ; | | | ten | < bn 1 


where ?’,, is the sum of the absolute values of the terms of EF not in the 
dominant portion = tnfm of in pm. 

Also single out the function ¥, which corresponds to the central p,-region 
of the P, in which p» is located. The order H of this ¥, is less than J, 
so that, by hypothesis, Theorem II] applies to ¥, and the z-plane can be cut 
up into a finite number of subregions, 3,, each a W or Z-region of W, in which 


(63) ys) with | | S| < << ws <1, 


where ?’, is the sum of the absolute values of the terms of %, not in the 
dominant portion = of ¥, in ds. The F, is either unity or an 
of order and degree G = H and has in &, the special structure (57), @ re- 


placing V. Furthermore, if d, is a W-region of ¥,, 


in 


(64) | Fe 


and, if it is a Z-region of W, and.|z|—pi, i=0,1,---, then (64) still 
holds. Note, as the proof progresses, that if the p;’s are chosen in the manner 
previously indicated, the same set of pi’s can be used for the W’s as for the EL. 

Certain of these 3, overlap the chosen pm. Let 3 denote the portion 
of the z-plane common to py, and a particular one of these overlapping Bs 
regions. Such an @ is by definition either a Z or W-region of H depending 


upon whether 3, is a Z or W-region of Wz. 

When the D-diagrams are re-examined to select the dominant terms of £ 
in 3, we discover that each term of ¥, is also a term of ¥,. This, coupled 
with (62), implies that no term of F, or ¥,, can be dominant in d unless 
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ose 
ith 
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it is also a term of W,,. On the other hand (63) implies that no term of Ym, 
or ¥,, is a dominant term in 3 unless it is also a term of Wp. The dominant 
terms of both ¥, and # must, therefore, be those common to VY», and Wp. 
There is, of necessity, at least one such common term, for a hypothesis to 
the contrary would lead at once to the absurd conclusion that | 7'./t’m | is 
both greater and less than unity; see (62) and (63). 

Let represent the sum of the dominant terms, i.e. those common to 
VW, and Wp and let 7 be any particular one of them. Place F =W/T. Make 
T,=tn—=T. Then the terms of (7) in (61) fall at once into two cate- 
gories: those in /, but not in ¥,,, and those in ¥,,, but not in Wp. The sum 
of the absolute values of the terms in the first category divided by T does not 
exceed b,»,, see (62); and the sum of the absolute values of the terms in the 


second divided by 7’ does not exceed bs, see (63). Hence in (61) 


| | = | | Dn + b, = bo. 


To make by) <1, po is chosen large enough at the outset to keep 
bn << (We — b,)/2. Such a choice of po obviously can be made if m = 0, 1,--- 
or V; see (46); but, if m= N-+ 1, not only po, but also Ay, must be suffi- 
ciently large. Therefore requirement Ry demands that Ay, as well as po. 
be chosen large enough to keep bn < (ws—bs,)/2. We presume that Ay and 
po have been so chosen. 

All terms of 7'(#',— F’) are in Wp and are not in W; therefore they are 
also not in W». Hence by (62) and (64) 


|F | =| (Ps — F)| > we — bg = wp > 


in 3 if d isa W-region, or if 3 is a Z-region and | z | =o, pi,: * *. Clearly 
then (61) holds if w= wo, b = bo, and z is in an d-region of a P,. 

As to the structure of F, note first that if fF’, is unity, so also is F. Ii 
F is not unity, it is the sum of certain terms picked from F’, and, by hypothesis, 
F’, is an £ of degree and order G = H < N and has in @ the special structure 
exhibited in (57), @ replacing N. The deletion of terms from F, does not 
increase the order, nor does it destroy the special structure (57). Therefore 
Theorem II] holds for d-regions in P,-sectors of N-th ordered E’s. It is 
also obvious that, if the appropriate terms are cast out of FE to leave Ws, 


then in 3 


(65) ns) and Ns | <b<we | F(z)| 
if 3 is a W-region, or if 3 is a Z-region and | z | = po, pi,° 


To complete the proot of Theorem III, Zy and Wy’s have yet to be con- 
sidered. Each such region, itself, serves as an d-region, for it is clear from 
(42) and (44) that, in either a Zy or Wy, E takes the form 
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E=Ty(Fy +7) with <|T’x/Ty | <1/p%. 


Furthermore, before a Wy can be marked off, a w >0O must be found as 
explained in 7 and then the boundaries of Wy adjusted so that w/2 is less 
than | Fy(z)| in Wy. Hence if p, is taken sufficiently large, which we suppose, 
there is a constant 6 such that | 7’,/T, | <b < w/2 < | Fy(z)| in Wy. The 
situation in a Zy is entirely analogous, for Corollary II asserts that in such a 
region, there exists a w <|Fy(z)| when |z|—po,pi,---. These facts 


complete the proof of Theorem III. 


9. The variation in amplitude of E on C;-circles. To begin the study 
of the zero-count for F, lump all adjoining Z’s into single larger O-bands. 
When a Z is bounded on both the left and right by W-regions, it in itself serves 
as an O. These O’s are separated from the W’s by é-curves of type (30). 
The boundary curves are considered part of the W-regions. Theorem III 
then makes it clear that £ will not vanish on either the boundary curves or 


on the C;-circles. 


LEMMA L.3. When z crosses a gy,,-strip on any Cj, or only goes parl 
way across on the < B. 


Here, as in subsequent inequalities, B is a fixed upper bound independent 
oF pi, and the phrase “ variation in amplitude of E_,” is abbreviated by writing 

In order to substantiate L. 3, refer to Theorem III and note that in a Zy 
, In| b; and that on | F! w>b. Let a; denote 

the portion of the circle C; covered by Zy; then when z runs along the 


are a; the 


V.A.B., = V.A.T + V-A(1 + 9/F) + V.A.F. 


To compute the V. A. 7’, use (35) : insert the proper value of 7; set p = pi, 
and let o vary over the appropriate part of the range (— Ay, Ay). The only 
terms of (35) which will then vary are By,, and e(p) and their fluctuations 
will be bounded. Moreover the bound is independent of p:. Hence on a; the 
V.A.T| <B. Since ! <1 on a, the |V.A.(1+7/F)| <7. 

To estimate the V.A./’, write F' in form (57); then replace p by p; and 
erase the e(pi,a)’s to convert F into an expression of the form 


J 
F*,(o) = exp(Ajo) 
j=1 


where the 2’s are real, and the c’s, complex constants, known and fixed, the 
c values being dependent upon pi. J is independent of p;. Although the 
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«(pi,o)’s have been discarded, yet F'*; approaches uniformly F ona; as pi ©. 
From this, L.1, and (61) we infer that the corresponding amplitudes of F*; 
and # are nearly equal and hence that as z runs over ai 


(66) |V.A.F—V.A.F*; | < B. 


The | V.A.F*; | < J, for neither the real nor the imaginary part of 
F*;(o) can vanish more than J times, see Pélya and Szegé [6]. As a con- 
sequence of this and (66), the V.A.F is bounded and the bound is inde- 
pendent of pj. The same conclusion is reached with no change in reasoning 
if a Wy instead of a Zy is used; hence L. 3 is correct. 


LemMa L. 4. Given an E-function, a Ps-sector of E, and the correspond- 
ing Ws. As z travels along the Cj-circles in Ps or along any continuous curve 
in a W-region in P, the | V.A.H—V.A.W, | < B. 


This lemma is an immediate consequence of (61) and (65). 


LemMMA L.5. Given a ierm T =P exp Q of E_,, if z runs along C; from 
the curve 
(67) Er: + (mr log p + /p” 


on the right to the curve 


(68) @=mo+m/pt: ++ + (nz log p + nr) 
on the left and if R= L=WN, then 


(69) | V. Py i (pi) mr) log p | B, (1 = 0, 1,° . 


where Py_:(pi) ts a polynomial of a degree not exceeding N —1 with coeffi- 
cients independent of pi. 

If both R and L> WN, both nz, and mp in (69) should be replaced by 
zeros. If R=N, but L > N, replace only nz by zero. Similarly, if L = N, 
but R > N, replace enly mp by zero. 

When the V. A. 7’ is computed by means of (35), (69) is verified at once 
ifR—L—WN. But to use (35), when R exceeds N, and L = N the equation 
for er should be rewritten in the form @ = @y_, + My.:/p% where 


Myy = my + ++ + (me log p + ines.) /p?* 
= my + 0(1). 


By this artifice (35) can be used and L.5 immediately verified even when 


R, or L, or both exceed N 
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10. Variation in amplitude on radial €-curves. 


Coro~uary III. Given an H-function Fy of structure (57) which is 
uniformly bounded from zero on a curve (55). Then the amplitude ®(p) of 
Fy defined on (55) as a continuous function of p is of the form 


ad’s real and constant. 


Proof. Since Fy(p,o) approximates a function of type (13) both in 
modulus and amplitude more and more accurately as p increases, Corollary II] 
follows at once from Theorem II and L. 1. 

Lemma L.6. As z traverses a é-curve separating a Zy-strip from a W- 
region and runs from Cy to Ci the 

| V. A. — Py (pi) — NmyAp log pi | < B. 

Proof. Since the equation of the radial boundary € between Zy and Wy 

is given by (55), o fixed, p varying, and since é is considered a part of Wy, 


(61) is applicable and shows that as z travels on é, the 


t is clear from (35) that 
(70) | V. A. Bopi® By NmyAo log pi | B 


as p runs from py to pi. For the same range of p values, Corollary III shows 
that 
(71) > | < B. 


These facts substantiate L.6 when € separates a Zy from a Wy, but to 
treat the case when é separates a Zy from a P,-sector, consider € a part of Ps. 
Then by L. 4 on 
(72) | < B. 


Thus the V.A.,, except for a certain bounded correction, is the same as 
the V.A.#_,. Let the order of ¥, be H, then HH < N. The particular W- 


region of ¥, in which € is located either is, or is not, a Wy-region of ¥,. If 


it is, Wy is bounded on the left by a curve é;, of type (55), H replacing N, 

o fixed. By Theorem III ¥, = +) in Wy and |y|<w<|F|. This 
F is an FE of order and degree H and it has in Wy the structure (57), H re- 
placing N. The V.A.T7 on & as p varies from pp to pi is again given by (70) ; 
but to estimate the accompanying V.A.F on €, let z start at the intersection 
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of € and Cy, travel counter-clockwise along C, until reaching é,, then run 
radially out along é, to C; and then back along C; in a clockwise direction to &. 
Such a transit for z causes the same V.A.F as going directly over € from Cy 
to C; for F does not vanish in Wy. The V.A.F on &,, according to Corollary 
III, is given by (71), H replacing N. Also there is an upper bound B on 
the | V. A. F' | as z runs from & to é;, or vice versa, on either Cy or Cj, see L. 3. 

These facts substantiate L.6 when € is located in a Wy-region of W,. 
If € is not located in such a region, it must be located in a P,-sector of Ws 
and our' reasoning can be repeated. At each new stage in the reasoning 
attention is directed to an # of an order lower than any previously considered. 
Either the V.A. of this new function on é is determined and L. 6 verified, 
or in the extreme case an Ff of zeroth order is reached. Such a function con- 
sists of but a single term 7’ and its V. A. on é is given at once by (70). Thus 


in all cases L. 6 is correct. 


11. An estimate of the number of zeros in an O-band. 


LemMMA L.7. As z runs along an are A of circle C; in an O-band from 
the curve Er, see (67), to the curve &,, see (68) 

(73) < B if Rand L>N;. 

Proof. If N =1, &r and &; are necessarily located in the same g, and 
L.. 7 degenerates into lL. 3. Suppose, therefore, that N > 1 and that L.7 is 
‘valid for all #-functions of order less than VN. When N > 1 the are A may 
cross several Zy-strips of /_,, as well as the intervening P,-sectors. As z 
moves entirely, or only part way, across each of the Zy, 

(74) by L.3. 

To get the V.A._, as z crosses the intervening P,-sectors, select a par- 
ticular P, and one of the terms ¢, of the corresponding W,. Let Ys = tsfs. 
Then according to lL. 4 as z crosses P, on C; 

(75) | V.A.#.,—V.A.t,— V.A.fe | < B. 
By the hypothesis for the induction 
(76) | V.A.fe— Pu-s(pi)| < B, (¢==0,1,-- 


for fs is an F of order and degree H < N and the same set of p;’s serve for 
both #_, and W,. 

The V.A.’s of the various ¢, have yet to be added to the typical con- 
tributions in (74) and (76) to get the totai V.A.H#_,. To compute these 
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V.A.’s, suppose that ép is located in a Zy, that € is in a P, and that, on 
traveling to the left along A from é to &;,, the following 2S — 1 boundaries 


of gy.-strips are crossed in the order listed below: 


O= mo + + + (my, log p + An) 
(77) O= mo + mj/p +: + + my; log p/p’ — An/p’ ; 
(j = 2,3,---,8) 

mo + miyj/p + + my; log + Ay/p’. 


As z travels from €;_;,, to é;,r, it crosses an intervening P, and L. 5 states that 


the V.A. of the corresponding t, differs from 
(78) (pi) NAgo(myj mn, j-1) log i 


by not more than a B. 

Similarly as z travels from és, to & the V.A. of the appropriate ¢, 
differs from 
(79) P (pi) —2NAgomys log pi 


by not more than a B. Totalling these results it is found that the contribu- 


tions of the /, terms to the V. A. E_, differs from 
(80) P (pi) — NAgmy; log pi 


by less than a B. One log term is indicated; the others have cancelled out. 
This cancelling takes place because the various Agy’s of (78) and (79) are 
all equal to the samme constant A», corresponding as they do to terms ¢, which 
are all associated with points on the same side of the Do-diagram. Result (80) 
gives the impression that a log term should have been added to (73), but by 
hypothesis the entire Er-curve, is located in a gy,.-strip bounded on the left 
by é2. This means that the my, of (80) is zero, for otherwise ég would 
eventually run outside gy,, asp— «. L.7 is therefore correct for the given 
configuration. 

There are, however, other possible configurations; €, might be in a gyy: 
and €r in a Ps, ég and é, might be either in the same or different gy,,’s, or 
as a final possibility ep and &€ might be in the same or different /,-sectors. 
All these configurations, as well as the one just considered, can be analyzed in 
much the same way and in each case L.7 is verified. The details need not 
be repeated. 

LemMa L.8. (Given a curve &, of type (68), L > N, running out to 


infinity in an O-band of E_,. If z starts on the Co-circle where &, intersects 
C, and travels to the right (tefl) along Co until arriving at the right (left) 


on 


rat 


ts 
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radial boundary Er of O, then runs out radially along ée as far as Cy and then 
back to the left (right) along Cy until & is reached, then 


| V. A. — Py (pi)! < (1 = 0, 


Proof. When N = 1, the O-band is necessarily a Z,-region bounded on 
the right by either a W,-region or a P,-sector. If it is a Ps, on ée Ey 
=T(1+ 7) with |y|< 1/2, and if it is a W,, 7) with 
in|<w<!|F,!. This last equation also holds on Cy and C; in 4,, see 
Theorem III. 

From these facts, (35), and Corollary III, it is evident that V.A. 2.1 
can not differ from P,(pi) + m,A, log pi by as much as a B when z runs 
from Cy to Cj on gr. Moreover m, is zero, for é, remains in Z, as p> @. 
On crossing C; or C, from to or vice versa, | V.A.#..! B by L.3. 
Hence when V = 1, L. 8 is correct. : 

Next suppose that L. 8 is valid for all £’s of order less than N. Let £_, 
be of order V > 1. In this more complicated case the portion of the O to 
the right of €, will consist in general of several Zy-strips and intervening 
P,-sectors. To be specific suppose that, when 

m+ + my-1,1/p + (my, log p— Ay) 
is added to (77), (7%) becomes a complete list of the boundaries of the Zy’s 
in the O-band to the right of €,. As z crosses these Zy’s on Cy or Ci, 
|V.A.F_,| < B. In the P,-sectors between é,z and é,, (75) is again correct 
and so is (76). The contribution of each ¢, is computed as in L. 7. When 
these contributions are combined, (80) is the resultant total V.A.#_, on Ci 
between €,r and €;. This time my, is not necessarily zero. On Co 
|\V.A.#.,| < B. 

If é:r happens to be the right radial boundary of the O-band, then as 
zruns from C, to C; on 
(81) | —NAomy, log pi | < B by L. 6. 

Combining (76), (80), and (81), L.8 is found to be correct for the given 
configuration. 

In case é,z is not the right radial boundary of the O, the part of the O- 


band which extends to the right of é,r will then be located within a single Ps. 


In this P, (75) is applicable. As z runs directly over é,z from Cy to Cj 
Py (pi) — log pi | B. 


This same V. A. is produced by letting z start at the intersection of Co and é,r, 
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travel along Cy until reaching the right radical boundary of O, then run out 
this boundary to C; and finally come back along C; to &:x. According to the 
hypothesis for the induction, the V.A.is over this same round about path 
differs from a Pu(pi), H < N, by less than a B and again L.8 is correct. 
Other configurations can be analyzec in the same fashion and in all cases L. 8 
is verified. 

Enough facts have been assembled to prove our final theorem. One detail 
is lacking; an order should be assigned to each O-band. In Theorem III 
it is stated that H = T(F + y) in an d-region. If the order of this F is H, 
let H be the order of 3d. Since 3 is a Z (or W) region, let H be the order 
also of the Z (or W) region. Finally let the order of an O-band be that 
of the highest ordered Z-region contained within the O. A subscript attached 
to a W, Z, or O will indicate the order. 


THEOREM IV. Jn an Oy-band of an E-function of order N= M, 
(82) | M(pi) —Par(pi)| < B, (1 == 0, 1, 


Proof. Witheut loss of generality assume both the order and degree of 
E to be NV. Consider first an Oy-band. Let the boundaries of the various Z,y’s 
located in Oy be €,z and the curves listed in (77). Discard the portion of 
the Oy-band beyond (; and then let z traverse once counter-clockwise the 
perimeter of the remaining fragment of Oy which runs from Cy to Cj. When 
once the circuit is made, the total V.A.H/2m gives the zero count for the 
fragment. 

To be specific let z start at the point P, the intersection of és, and C\, 
and travel along C, clockwise until reaching &,z at the point Q. Thus far the 
|V.A.E| < B. If &e is flanked on the right by a W-region, let z run out 
along é,r to point Pf, the intersection of ér and C;. According to L. 6 this 
causes a V.A.F which differs from Py(pi) + Nmy,Ao log pi by less than a 
B. On the other hand, if é,z is flanked on the right by Z-strips of order less 
than N, z must skirt these strips on the right to get to R. In order to do this 
let z first run along C,, until it reaches the right radial boundary of Oy; then 
go along this radial boundary to C; and finally run back to the left along C; 
to R. While z skirts these Z-strips of order less than N, and runs from Q to 
R, as described, the path followed remains in a single P,-sector. Therefore 
L. 4 is applicable and implies that if ¢, is a term of ¥, and f, = ,/t,, then 


(83) < B. 


This f, is an EF of degree and order H < N. L.8 is applicable and states that 
as z runs from Q to R and skirts the O-band the | V. A. fs— Pu(pi)| < B 
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To get the corresponding V.A.t., z need not go on the round about path 
skirting Z-strips of lower order, but may go directly over é,r from Q to R; 
hence (35) can be used and shows that 


| V. A, Pv (pi) — Nmy Ao log Pi | B. 


Once at Ff, z travels along Cj, counter-clockwise until reaching the point 
S, the intersection of és; and C;. In getting from R to S a finite number of 
Zy-strips, or portions thereof, are crossed and while z crosses these 7Zy’s, 
according to L. 3, | V.A.H_.! << B. In getting from one of these Zy’s to the 
next on a Cj, z crosses a P,. For such a crossing (83) and L. 7% are applicable 
and therefore the corresponding | V.A.fs—Pu-1(pi)| << B. Utilizing L. 5 
and lists like (77) the contributions over the respective P,-regions of the 
corresponding ¢, terms are computed and added together. We find ‘that the 
total contribution of these terms to the V. A. differ from 


P vs (pi) + N (mys — Ao log pi 
by less than a B. 

In getting from S back to P and completing the circuit the details are 
similar to those in getting from Q to R and need not be repeated. The con- 
tribution to V.A.H over this last portion of the circuit differs from 
Pu(pi) — NmygAv, log pi by less than a B. Totaling the changes in ampli- 
tude enumerated over the different parts of the circuit, the logs cancel and 
(82) is verified, at least when M = N. Theorem IV must therefore be true 
when NV = 1 for in this case there are no O-bands other than the O,’s. 

Next suppose that Theorem IV has been established for all E’s of order 
less than N. Select a particular Oy, M < N. This band will necessarily be 
located in a single P,. Hence by L. 4 on the radial boundaries of Oy, as well 
as on the arcs of the Cj’s in P,, the | V.A.R—V.A.%,| < B. Since the 
order H of W, is less than N, Theorem IV applies to ¥, by hypothesis and 
therefore | V.A.v,— Pu(pi)| << B; MSH< and as a consequence 
|V.A.E — Py(pi)| < B. This completes the demonstration of Theorem IV. 

It is evident from (82) and the relative dense distribution of the C,’s 
that, if pi.: = pi + di, the difference Py(pi + di) —Pu(pi) is a polynomial 
of at most degree M—1 in p; with coefficients dependent upon dj, but less 
in absolute value than some fixed bound B independent of p;. Hence the 
number of zeros in an Oy-band between C; and Cj,, is a quantity of the 


order Therefore 


(p) = kp"{1 + O(1/p)}. 
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Once the band is chosen, & is fixed. This formula gives more freedom in the 
choice of p than (82), but less precision in the zero count. 
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FIXED ELEMENTS AND PERIODIC TYPES FOR HOMEO- 
MORPHISMS ON S. L. C. CONTINUA.* 


By G. E. SCHWEIGERT. 


The results to be established in this paper consist of eight characteriza- 
tions for the elementwise periodic type homeomorphism, certain other char- 
acterizations related to these, and some contributions toward classifying the 
general homeomorphisms 7'(S) —S. In all cases the space S is a semi- 
locally-connected continuum. It is hoped that these characterizations not only 
give a many sided view of the concepts they represent, but are sufficiently 
different so that, compared part by part, they show something of how certain 
finite and infinite orbits intermingle in the general homeomorphism. - On the 
other hand one of these is developed especially for dealing with orbit decom- 
positions, and is applied in the fifth section to give a theorem of this type. 
Where periodicity properties enter there is a close relationship between the 
present work and that of Whyburn and Ayres; in fact the methods of this 
paper are sometimes chosen so as to foster this relation. However, when 
proofs which follow the same lines as those given before may be used, they 
are not repeated here. In this connection it is to be noted that the homeo- 
morphisms studied here include the pointwise almost periodic homeomorphisms 
of the earlier work. The second section of this paper, wherein periodicity is 
not assumed, establishes new results concerning fixed elements and fixed 
points. These propositions, together with the well known fixed element 
theorem of Ayres, are then used liberally throughout this paper. 

It is assumed that the reader is familiar with the cyclic element theory * 
for semi-locally connected continua. In addition to the concepts associated 
with this theory we use here the particular term bordered A-set to mean that, 
for a given A-set B, there exists a point x and a true cyclic element F such 
that 2: B==2z. Thus we may speak of either bordered or unbordered A-sets. 
Three considerations of a structural nature are used symbolically here. The 
boundary, F(G) — G — G., of an open set, G; and the interior (greatest open 

* Received January 22, 1943. Presented to the American Mathematical Society. 
April 23, 1943; also see footnote 20. This paper is dedicated to the memory of Clyde 
8. Atchison, a great teacher of mathematics. 


1See G. T. Whyburn, Analytic Topology, Colloquium Publication (1942), pp. 64-98. 
We refer to this book hereafter as ATW with the numbers for theorems in brackets. 
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set) of an arbitrary set 1, denoted by Int X. The letter L is consistently 
used to denote the set of all end points of a space 8. 

Various items of an analytic nature are needed. We shall be concerned 
with a homeomorphism 7'(S) = of a semi-locally-connected continuum § 
onto itself. Hence, as is customary, we set T(z) = T?(x), TT (x) = T? (2), 
and so on, whence 7"(z) exists and is said to be a power of 7'(x). To pro- 
ceed, using these powers, a given set B for which T7"(B) = B is said to be 
invariant without mentioning 7. The term fixed set, as used here, does not 
necessarily mean a set of fixed points. If n is the least positive integer such 
that 7"(6) = B then n is said to be the period of B under T; and the set 
B+T7(B)+7?(6) +---+7"'(B) is the orbit of B under T. The 
symbol 7"(X) denotes the image of X under the identity homeomorphism, 
when n= 0, and the image of X under the inverse of 7’, when n =—1, 
The sum of all sets 7"(X), where the range for n includes zero and the 
negative integers, is the infinite orbit of X under T provided these image 
sets are distinct. We are interested in a special type of homeomorphism for 
which certain finite orbits are known to exist. More specifically, 7’ is said 
to be elementwise periodic on a cyclic element E in S provided there exists 
an integer nm such that 7"(#) =H. Thus we may speak of a homeomorphism 
which is elementwise periodic on all cut points and true cyclic elements of 8S; 
in other words a homeomorphism 7’ which is elementwise periodic on all cyclic 
elements E of S that ie in S—L. It is to be noted that if W— TZ” then the 
homeomorphism W is also elementwise periodic on S — L. 

We conclude this section by giving some theorems which are fundamental 
as a basis for this paper. These theorems are due to Ayres and Whyburn and 
are to be found in § 4, Chapter XII, of Analytic Topology, by G. T. Whyburn. 
They were established under the assumption that 7’ is pointwise almost 
periodic, but the proofs as presented in Analytic Topology allow a change in 
hypothesis that is essential to the needs of this paper. In each case we assume 
instead that 7 has the fixed point property defined below. ‘This property 
holds * if 7 is pointwise almost periodic, but the converse is not true, hence we 
have a slight generalization for each theorem. The method of proof remains 


the same. 


(1.1) Dertnirion. If, for every division S=H + K of S into continua 
H and K such that H:-K =peS and H-T(H) ~0-K-T(K), it follows 
that T'(p) = p, then T is said to have the fixed point property for nodal sets. 


2 ATW [4.21] p. 247. 
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(1.2) Lemma*® [4.22W]. If a node N of S is invariant and N €S, 
there exists a fixed cut point of S. 


(1.3) THeorem [4.3A]. Jf the cyclic elements C, and C, are in- 
variant, every cyclic element of the chain C(C,, C2) ts invariant. 


(1.4) THeorem [4.4A]. J'he sum Ip of all invariant cyclic elements 
of Sis a non-empty A-set. 


(1.5) Teorrm [4.5A]. Jf C, and C, are distinct cyclic elements of 
S and T(C,) = C2, the chain C(C,, C2) has one and only one cyclic element 
which is invariant. 


2. Fixed elements, fixed points; subsequent characterizations. Through- 
out this paper 7'(S) —S denotes an arbitrary homeomorphism of a semi- 
locally-connected continuum § onto itself. We do not assume periodicity 
properties in this section and because of this generality the first three theorems 
may eventually be put to better service than that shown here. However, we 
do use, in the final characterization, certain properties from the theorems 
above. Thus a distant contact with periodicity is maintained later in this 
section. 


(2.1) THeorem. Jf N +S is an invariant node then there exists in 8 
another invariant cyclic element EAN. 


Proof. If N is a true cyclic element it contains one cut point z which 
is fixed. Let # =x and the theorem is true. We may therefore assume that 
N = y is an end point of 8S. Let 14 N be a node and consider the cyclic 
chain Y—C(M,y). Since T(M) is a node, either T(M) =M establishes 
the theorem, or (when 7(1/) ~M) we get a cyclic element KC Y-T(Y) 
such that the cyclic chain C(K,y) =Y-T(Y). Furthermore M~K +y, 
since y is an end point. As the first of two cases, we assume T7(K) ~K and 
T(K) CC(K,T(M)) CT(Y). It follows that the cyclic chain X = C(K,y) 
is a proper subset of its image and this leads to the infinite strictly monotone 
sequence X CT(X) CT*(X) C---CT(X)C---. We wish to show 
that the end elements 7"(K) converge to a point z. This will occur if (and 
only if) H = 37"(X) has for its closure a cyclic chain. In this connection 
we observe that // is connected and is of a special nature in that it is a sum 
of nested chains. Briefly the steps showing that H is a cyclic chain are as 
follows: (1) H is an H-set, hence H is an A-set and each point of H —H 


* For convenience we include in the text [4.22 W] meaning ATW [4.22] p. 247. 
The letters W and A refer to Whyburn and Ayres. 
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is either a cut point or an end point of S; (2) H —H contains only end 
points of H ; (3) H —H contains only one end point z of H because of the 
nested chain development of H. Thus we have Lim 7"(K) The 
points x and y are distinct since they lie at opposite ends of the chain 4, 
and the property 7'(R) CR, for R= =7"(K), yields the result that x is a 
fixed point. Having completed our discussion of this case we assume now 
that T(K) K and C C(K,y). Here X contains T(X) as a proper 
subset and we may repeat the argument above using 7~' instead of 7. This 


completes the proof of the theorem. 


(2.11) Corotiary. If S is a dendrite and N =y is a fixed end point, 


then is a fixed point distinct from y. 


Under suitable conditions our theorem may be extended to include homeo- 
morphisms for which T(S) is a proper subset of S. In the next corollary 
the set M may be the finite orbit of some cyclic element EZ, or M may be the 
infinite orbit of HF provided the sets 7"(#) exist and are distinct for positive 
and negative integral values of n. Particular examples of many types can 


be found. 


(2.12) Corotuary. T(S) CS, its an invariant node of 8, 
and M is an invariant set in S such that M contains a point of S—N, then 
there exists a cyclic element E of S such that EAN and T(E) = EL. 


Proof. 'The least A-set A which contains the invariant set W-+ N is 


likewise invariant under 7’. Since A + N we apply the theorem to the space A. 


(2.2) Derrition. A division S= H+ K of S§ into continua H and 
K such that: (1) H-K = p, (2) p is a cut point of 8S, (3) H — p is a com- 


ponent of S — p, (4) H contains a cyclic element FE of 8 for which T(1) = £, 
is called a special decomposition of S and is denoted by S(p). 

There is at least one special decomposition S(p) relative to each given 
cut point p of S. When p is fixed we may put 7 = M for any component M 
of S—p. Otherwise there exists an M which contains a fixed cyclic element.’ 
These decompositions are used to study the orbit of p and certain sets in its 
complement. We take up the investigation in the next paragraph, and it 
culminates in two theorems stated later. These theorems are of prime im- 
portance to this paper. 

We suppose that some special decomposition S(p) = H + K is given and 
fixed. It is also assumed that 7"(K)-K +0, where n is the least positive 


*W. L. Ayres, Fundamenta Mathematicae, vol. 16 (1930), pp. 332-336. Also 


ATW [2.51] p. 242. 
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integer giving this intersection. Since T"(p) =p is useful in establishing 
the fixed point property for nodal sets we attempt to classify all other possi- 
bilities; that is, until the end of this discussion we shall be concerned with 
the case 7"(p) =< p. It will be demonstrated first that of the two sets H and 
1"(H) one is always a proper subset of the other. Then certain consequences 
will be stated and finally the assumption T7"(K) - K ~0 will be removed. 
We intend to show later that the orbit of p is infinite, hence we note 
now that 7*(p) ~ p, for k <n, since T*(K)-K =0. We also need H — p 
-=() and K -— p= 0; these are immediate since H = p and the fixed element 
in T7"(H)-H 0 imply T"(p) =p. To proceed with the main investigation, 
assume 7'"(p) « /1 — p and also suppose that 7"(H — p) is not contained in 
II—p. In view of the fact that H —p is a component we may say that 
H — pis open and 7'"(H — p) is connected. But the connected set T"(H — p) 
must contain p= —p) since it meets the open set H — p (fixed ele- 
ment) and its complement A (by assumption). We now repeat this argument 
using A as the connected set and 7"(H — p) as the open set, with K meeting 
T*(/1—p) at p and its complement C(7"(H — p)) =T"(K), to get 
F(T" (H— p)) =T"(p) contrary to the assumption. This contradiction 
allows 7"(H —p) CH—p which in turn gives 7"(H) C H —p since 
T"(p)«H— p. Hence 7"(H) is a proper subset of H. The other assump- 
tion 7"(p) «kK —p gives H a proper subset of 7"(H) by a similar (but 
shorter) argument. We may now treat both proper subset inclusions as one 
by basing the discussion on f(#) a proper subset of H, where f denotes either 
T" or T-" according to the position of T"(p). In passing we note that the 
T-orbit of p is infinite by virtue of the proper subset relations under iteration 


of f plus the remarks at the beginning of this paragraph. 
If we define P = [J f‘(#), it can be shown that: (1) P is invariant 
i=1 


under f and any subset of 17 with this invariance is contained in P, (2) P isa 
nodal set (hence an A-set), (3) P is unbordered. Concerning the first state- 
ment it is obvious from the definition of P that f(P) CP and hence we 
proceed at once to show that PC f(P). If, corresponding to xe P, there is 
no ge P such that T(q) then f-'(x) is not in f'(H) for some 2. Hence 
ff(2) =< is not in contrary to re P. The rest of statement (1) 
follows from the definition of P. As to the second statement we note first that, 
for each i, Int f‘(77) is connected and may be written in the form f‘(#H) 
—fi(p). Thus implies ye Int since is a proper 
subset of fi(/7). In particular xe P implies z Int f'(#) for every i. Hence 
if M and N are components of S— P with limit points x and y in P, we can 
conclude that, for a fixed i, M = M+ contains the point fi(p), since 
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M is connected and the interior of f‘(/) is an open set containing z. A 
similar remark holds for N and « = y follows from the fact that M-N con- 
tains f‘(p). Finally, P is unbordered, since any true cyclic element FE, such 
that H-P is a single point, will have exactly one point z in common with 
each set of f‘(H) which does not contain Z. But then EC fi(K) and since 
- fi(K) = fi(p) we get z= fi(p) for all sufficiently large i. This is 
impossible except when p is fixed. The discussion under 7"(K)-K 0 is 
complete. 

If on the other hand, 7"(K) -K = 0 for all n 40, then T"(p) C H — p 
for alln0. And, if T"(p) =T*(p) for k > m, then p=T*"(p) €K; 
hence p has an infinite orbit. Moreover 7"(K) -K =0 implies T7"(R)-R=0, 
for all n +4 0, where R is a component of K — p. We now let Q = Il T"(H) 


n=1 

and establish 7(Q) = @Q by the argument used above on the set P. Since T 
is a homeomorphism and Q is an invariant A-set we have by elementary duality 
the result S—@Q—X7T"(K —p); thus each component M of S—Q is of 
type T7™(R), where FR is a component of K—p. Furthermore, if z= F(M) 
and Z is the set of all z, then 7 is the orbit of p. 

The entire discussion will now be summarized and extended, using the 
terms, B is T-invariant, or, a T"-fixed set, to mean T"(B) = B. 


(2.3) THEOREM. Let p be a cut point of S and let S(p) be a given 
special decomposition into sets H.and K. If T"(K)-K~0, and n¥0 1s 
the least integer giving this intersection, then: either p is of period n; or 
the period of p is infinite, and there exists in H —p an unbordered T"- 
invariant * nodal set, P 40, which contains every T-invariant set in H. If 
T"(K) -K =0 for all n 0, then, the period of p is infinite, and there exists 
in H an invariant A-set, Q 0, such that Q-S—Q—=ST(p). 


(2.4) THroreM. If p is a cut point of S and there is some special 
decomposition S(p) with T"(K)-K=0, for some (least) integer nO, 
then; either p is of period n, or there exist two T"-fixed points, x and 2, 
such that the cyclic chain, C(x,z), with end points x and z, is the least (T"- 
invariant) A-set which contains the T"-orbit of p. 


Proof. We assume 7"(p) ~p; that is an infinite orbit, under 7", for p. 
Hence we must find z and z and establish suitable properties for C(z, z). 
Only the outlines of this work are given. The details rest largely on the 
properties of P, from Theorem (2.3), and the proof of Theorem (2.1). Let M 


5It was shown that P is invariant under either 7" or 7T-", that is, under f; but 
f(P) =P implies f?(P) = P, hence 7"(P) = P and T-"(P) = P hold simultaneously. 
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be the component of S — P which contains K, and let F(M) =z=—P- s—?P 
define z. It can be shown that p+T7"(p) CM and hence, using the 7"- 
invariance of P, we get T"(M) = M, and finally T"(M) = M. This gives 
["(z) =z. Since P is an unbordered A-set, z is an end point of M to which 
one of the sequences, p-+T7"(p) + 7T7"(p) +---, and p+T-"(p) +T?"(p) 
+--+, converges. These remarks will aid in showing that z is an end point 
of the cyclic chain Q constructed below. Now, in order to get X a proper 
subset of f(X), where X = C(z,p), we choose f to be either 7” or T-”" as 
needed. As in Theorem (2.1) the orbit Q@ = f‘(X) of the cyclic chain X 
is used to define =~ Q@-+ With so defined, and f(x) =z, we show that 
Q is also a cyclic chain; in fact @=C(z,z). Finally it is shown that each 
point of C(2,z) — (+2) has an infinite orbit under f, and that z and z 
are the only limit points of the f-orbit of p. This covers the essentials of 
Theorem (2.4). 

We conclude this section with a cycle of characterizations to be estab- 
lished by means of the theorems above. These characterizations are stated in 
terms of concepts from the theorems of Ayres and Whyburn (listed in the 
introduction). Concepts such as these possess a striking simplicity and 
clarity; nevertheless they are not obviously the same, and one may welcome 
the fact that it will no longer be necessary to establish more than one of them. 
It will be evident that the key to their similarity lay in the common ground ® 
between Theorems (2.1) and (1.2). Likewise it will be clear that the 
methods of Whyburn and Ayres were well in advance of the formal con- 
clusions they stated. 


(2.5) Derinitions. It will be said that 7 has the first, second, or 
third property of Ayres, or the first property of Whyburn, according as (al, 
2,3), or (w1), below holds. 


(al) If C, and C. are invariant cyclic elements then every cyclic element 
in C(C,, C2) is invariant. 


(a2) The sum of all invariant cyclic elements of S is a non-empty A-set. 


(a3) For every pair of distinct cyclic elements #, and FE, such that 


T(E£,) = the chain £2) contains one and only one invariant cyclic 
element. 


(wl) If X is an invariant A-set in S and N is an invariant node of X 
such that N =4_X, then there exists a fixed cut point x of XY. 


*Theorem (1.2) is, in many respects, replaced by Theorem (2.1), but gains 
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(2.6) THroremM. /n order that T(S)=S have* the fixed point 
property for nodal sets it is necessary and sufficient that one of the following 


statements holds: 


(al, 2,3) T has one of the properties of Ayres. 


(wl) T has the first property of Whyburn. 


Remarks. For brevity we denote the fixed point property for nodal sets 
by (w2).® In the early stages of the cycle of proof the arguments are not 


given; the remarks indicate modifications in the existing methods of argument.’ 


Proof. (w2)— (al). See the reference for Theorem (1.3) = [4. 3A] 
of the introduction. To show that any point of (a,b) is fixed cite (W2).*° 
Turning to the next stage of the cycle, (al) — (a2), we refer to the argument 
for Theorem (1.4) = [4.4A] without changes. For the third stage, (a2) > 
(a3), we need only cite Theorem (2.1), instead of Theorem (1.2) = [4. 22W], 


at the (only) proper place in the proof of Theorem (1.5) = [4. 5A]. 


(a3) > (wl). If F is a cyclic element in a cyclic chain C(C,, C2), where 
C, and C: are fixed cyclic elements, then either F# is fixed or F has an infinite 
orbit. This fact is well known and will be used henceforth without formality. 
We follow the notation of (2. 5w1) and assume that no cut point of X is fixed. 
It follows that N =z is an end point. Furthermore, since VN =z is an end 
point, we get by Theorem (2.1) a fixed element CN of X. But C—yeX, 
since no cut point is fixed. Hence y is an end point and yz. Obviously 
there are cut points in the invariant chain C(y,z), and if # is such a point 
then x has an infinite orbit. Since every cyclic element, except for y and z, 
in C(y,z) has an infinite orbit the subchain C(2, T(x)) contains no invariant 


element. Thus (a3) fails to hold. 


(wl) > (w2). If p is a cut point and S=M +N is a decomposition 
into continua such that M-N =p we may assume that 7(M)-M+-~0 and 
T(N):-N <0 for, otherwise, nothing is required of the point p. If these 
prominence again in localized form (W1) below. Note that in either form, (1.2) 
or (W1), it could be stated that the fixed cut point a satisfies p(a,N) < e. 

7In contrast to the earlier parts of this section, 7", for » > 1, is not used. Results 
for 7" in terms of 7”-invariance are immediate from the next theorem. 

® Indicating the second property of Whyburn. 

® The proofs in ATW. The original work of Ayres is not generally available; see 
references to him in ATW. 

1° The essential property K-.7(K) ~0 needed in order to apply (W2) is readily 
found from the invariance of C;. 


it 
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inequalities hold and p is not fixed there is obviously a special separation S(p) 
for S into continua H and K for which T(K)-K +40. By Theorem (2.4), 
for the case n = 1, there is a cyclic chain C(2, y) for which z and y are fixed 
end points and such that the infinite orbit of p is contained in C(a,y). It 
follows that every point of C(a,y) other than x and y has an infinite orbit, 
and since 2 is an invariant node (an end point in particular), the absence 
of any fixed cut points in C(a, y) contradicts (w1). We have therefore shown 
that if (w2) fails to hold so also does (w1). This completes the cycle needed 


to prove Theorem (2.6). 


3. Componentwise and elementwise periodicity; two characterizations. 


11 and 


Since elementwise periodicity follows from pointwise almost periodicity 
yet is by far less restrictive, it is natural that this paper should use certain 
concepts implied by the p.a.p. assumption; particularly those stated-in terms 


of large structural forms. ‘T'wo examples of this occur below. 


(3.1) Derinitions. Let 7'(S) = 8S be a homeomorphism, S a semi- 
locally-connected space, and A an invariant true?” A-set. A component Ff of 
S—A belongs to the class [? (a) ] provided it contains some cut point z of 8. 
If each component (a2) has a finite period, and if this is true for every 
choice of A, then 7 is said to have properly (a). 

If an arbitrary component R of S— A has a finite period, 7 is said to 
be componentwise periodic at A. Extending this concept, 7 is said to be 
componentwise periodic, if it is componentwise periodic at A, for each true 
invariant A-set A in S. 

(3.2) THEoreM. Let L* denote the set of all nodes of a semi-locally- 
connected continuum S and let T(S) =S be an arbitrary homeomorphism. 
L* 


it is necessary and sufficient that T have property (a) and that for every 


In order that T be elementwise periodic on the cyclic elements of S in S 


integer n, T” has the fixed point property for nodal sets** (w2—vn). 


Proof. We assume that T has (a) and satisfies (w2—mn) and we wish 
to show first that if p is a cut point then 7*(p) = p for some k. If K is one 
of the continua in a special decomposition S(p) and T(K)-K =0 then p 


™ For locally connected continua, an unpublished result due to Ayres. For s. 1. ce. 
continua see ATW [4.6] p. 248. Pointwise almost periodicity means P(#,T"(x)) < e 
for some n = n(a, €). 

2 The only true A-sets which are single points are the end points and cut points. 

13 (w2—n) for every n means that (relative to S(p)), 7*(K)-K +0, with k 
the least positive integer, implies 7*(p) =p. The particular value k = n is dictated 


by the circumstances. 
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has an infinite orbit and the set Q of Theorem (2.3) exists. In the light of 
this theorem we also get the information that each component FR of K — p is 
a component of S — Q and has an infinite orbit. This is contrary to property («) : 
for, by virtue of the fact that either = T(p) eK —p orx=T"(p) «K—p 
holds, we are furnished with one component R=R(x) of K—p, with 
xe R(x), and x a cut point; hence we have by (a) one component with a 
finite orbit. Since 7(K) -K 0 cannot hold we may assume 7*(K) K 0, 
with & the least such integer. This allows us to use the hypothesis (w2 — k) 
which, in turn, gives T*(p) =p. Thus each cut point p has a finite period. 
If # is a true cyclic element of S — L* then F contains two cut points p and 
q with periods k and m respectively. Therefore T’"(H) = E follows at once 
and the proof of the sufficiency is complete. The necessity is readily shown 
using Theorem (2.3) for the (w2 —n) part. 

The next characterization is not only the leading result of this section 
but one which plays a central role later in the application for which it was 
designed. As a means of stating it we use the concept of a contracting 
approximation defined below. This definition could have been given in terms 
of T alone and extended by substituting 7" for 7 throughout. 


(3.3) DerErrnirion. Let A be an A-set for which T"(A) =A. If for 
every A-set C with the property A C Int C there is a third T"-invariant A-set 
B such that AC Int BC C, then we say that A admits a contracting T?- 
approximation which preserves interiorily at A. 

(3.4) THrorEM. In order that the homeomorphism T(S) =S be 
elementwise periodic on the cyclic elements of S in S—L it is necessary and 
sufficient that T be componentwise periodic and that each unbordered ** T?- 
invariant A-set A in S admits a contracting T"-approximation which preserves 


interiority at A. 


Proof. The sufficiency will follow readily if it is known that, for every n, 
T” has the fixed point property for nodal sets—(w2—n). We therefore 
show that, for a given cut point p, and any special decomposition S(p) for 
which 7"(K) -K ~0, there is a k= m with T*(p) =p. Here k denotes 
the least positive integer giving 7"(K)-K +0. If the period for p is not 
k: then, by Theorem (2.3), p has an infinite orbit, and there exists in H —p 
an unbordered 7*-invariant nodal A-set P +0 which contains every T'- 
invariant set in H. But on the other hand H is an A-set such that P C Int H, 
and hence, by hypothesis, there is a TJ*-invariant A-set B such that 
PCIntBCH. It follows that P = B contrary to PC Int B. This estab- 


14 Sufficient to make A a true-A-set. 
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lishes (w2—n). Now, since componentwise periodicity implies property 
(x), we have, by Theorem (3.2), the result that T is elementwise periodic 
on the cyclic elements of S on S—L*. It must now be shown that each 
non-degenerate node has a finite period. If A is the least A-set which con- 
tains all the cut points then, by virtue of the fact that the cut points are an 
invariant set, A is invariant. Moreover A contains only degenerate nodes 
(end points). Thus, if # is a non-degenerate node and p is uniquely the cut 
point of S on /, then # — p is a component K of S — A, and by component- 
wise periodi¢ity, / — p has a finite period. The sufficiency is now established. 


For the purpose of proving the necessity, we assume that 7’ is element- 
wise periodic on S — JL, and that A is some 7”-invariant A-set, where n is 
fixed. Since, A C Int C, and the requirement that A be unbordered, are 
conditions on A that are not used immediately, we may, until the lemma is 
established, think of A as a true 7”-invariant A-set contained in another true 
A-set C. And, since n is fixed, the transformation fT" may be used 
throughout most of the proof. In this connection it is to be understood that 
the terms, invariant, and orbit, now mean, f-invariant, and orbit under f. 
Obviously f is also elementwise periodic on S — L. 

Suppose that Y is a set which contains every cyclic element F of S pro- 
vided FE has the property that the orbit of F lies in C. It follows that HC Y 
implies that the orbit of F is also in Y; hence Y is invariant and contains A. 
Let B be the least A-set which contains Y.*° Since Y is invariant and B is a 
minimal A-set, B is invariant. The minimal property for B also insures that 
BCC. Thus we have 4C BCC and f(B) = B. 

We now establish a lemma. During the course of the proof it is con- 
venient to use Theorem (2.6). This action is not improper since Theorem 
(3.2) is available as a means of showing that the necessary requirements are 
satisfied. 

(3.41) Lemma. If K ts a component of S — B, there exists an integer 
n such that f-(K)-C =0. 


Proof. Let y= F(K) and assume that y is a bordered A-set in K; in 
other words, suppose that there exists a true cyclic element HE of K which 
contains the point y. Then, since # was not inciuded in B, there exists an 
integer n such that f"(H)-C==y. And if re f"(K)-C, the cyclic chain 
C(x, y) is contained in the A-set C. This means there is a point z > y, such 
that ze f"(#) -C, which is impossible. Hence the point x does not exist, and 
f"(K) -C =0 in this case. 

15 The writer is indebted to G. T. Whyburn for suggesting that B be defined in 
this way. And, in general, for the privilege of seeing ATW in proof. 
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If, on the other hand, y is an unbordered A-set in A, then y is an end 
point of A. We now show that f"(K) -C =0 when y is an end point. Suppose 
that K has period m and consider the homeomorphism h =f”. Then 
h(K) = & is elementwise periodic on K — L and leaves y fixed. By Theorem 
(2. 6-w1) there exists a cut point e+4y in K such that h(x) =; hence, 
each cyclic element in the chain Y = C (2, y) is fixed under h. Now let {yj} 
be a sequence of cut points in .Y such that Lim yj = y. Because {y;} consists 
of (infinitely many distinct) points of K, there exists an integer n(i) Sm 
such that f"') (yi) non-eC, for each i. Obviously, then, infinitely many of the 
n(t) are equal. Hence we may choose some integer n SS m, and a subsequence 
{yj}, such that /"(y;) non-eC, for all j. If we suppose that there exists a 
zef"(K)-C and consider the cyclic chain Y =C(z,f"(y)), we find that 
¥ CC, because z and f"(y) are in C. On the other hand f"(y;) can not be in 
the A-set C, because of the special choice of the sequence {y;}. Thus no 
point z exists and the proof of the lemma is complete. 

Returning to the proof of the necessity we observe that, by virtue of 
Lemma (3.41) and the inclusion AC IntC, no point y=F(K) is a 
point of A. It must therefore follow that ye M, where M is some component 
of S—A. Hence we have at our disposal a connection between the com- 
ponents K and M which reflects the statement that A is contained in the 
interior of C. This situation is exploited in two cases below; each of two 
possible ways in which A C Int B fails is shown to contradict the inclusion 
A C Int C at some point. 

Suppose that there is a sequence p; — pe A, where p, « S — B, for each k. 
Using the results of the preceding paragraph it is possible to select a sub- 
sequence {p;} such that pjeK(j), where K(j) is a component of S —B; 
K(j)-K(i) =0, for is4j; and pj—p. Furthermore this sequence can be 
refined so that the cut points z; = F'(K(j)) form a sequence which also con- 
verges to p. This last statement rests on the property that the components 
K(j) form a null sequence. Moreover it gives (indirectly) the convergence 
Lim K(j) = p which is needed below. 

We now consider the case wherein an infinite number of points 2; are 
contained in some component M of S—A. Here a further refinement gives 
a sequence {K(i)} such that K(i) C M, for all 1. Thus, because the hy- 
pothesis states that A is an unbordered A-set, we find that F(M) =~ is an 
end point of M and that Lim K(i) =x—=p. These properties will now be 
extended to larger sets of similar structure. Let Q(z) be the sum, K (i) 
+ f"(K(i)) + ++ fem (K (i), where k= 0,1, 2,- 
with q the period for K(i), and m the period for WV. It is easily seen that 
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Q(zi) consists of exactly those sets in the orbit of K (i) which are also con- 
tained in M and contain 2; = Y(K(i)). Moreover the period for Q(zi) is m, 
for all 7. We may now state that Lim Q(z;) =p. The details of the short 
proof needed to establish this convergence can be supplied along the lines 
indicated (see null sequence) above. Now, using the images of the sequence 
of sets Y (zi), we get 


(*) Lim f"(Q (zi) ) = f"(p) 


where r is fixed in the range 0 to m, f’(p) is an end point of f"(M/), and 
convergence takes place in f"(M). In going this far we have used little of 
the weight of Lemma (3.41) from which we must derive our power. But, 
having prepared the way, we now select a convergent sequence {f*'") (K(n))} 
such that (K(n))-C and f#™ (K(n)) C f'(Q(zn)), for some fixed 
r. This statement is based largely on the fact that the range for 1 (which 
changes to n) is infinite while the range for r is finite. It follows, using 
(*), that Lim (K(n)) = Lim f"(Q(2n)) = f"(p) This is impossible 
in view of the fact that f"(p) is interior to C. 

It remains to be shown that the second case, wherein each K (7) is uniquely 
contained in some component J/ (i) of S—A, is also impossible. Here we 
again use Lemma (3.41) to get a convergent subsequence with the property 
ft (K(n))-C =0. The corresponding sets (Z(n) ) form a null sequence. 
And we see at once that Lim fs™ (M(n)) = implies x =p, since pr p 
and z,-—>p hold. But p is interior to C, and « = p is impossible in view of 
the special choice of the sets f*’(K(n)). Thus A C Int B can not fail to 
hold in either case. 

Since the componentwise peroidicity of 7 is obvious, this completes the 
proof of the theorem. 

It seems worth while to note that when A, B, and C exist, and B satisfies 
Lemma (3.41), then the fact that A C Int C implies A C Int B is a con- 


sequence of this method of proof. 


3.42) Corotuary. If T is pointwise periodic ** on S—L where S is 
a dendrite and p is a cut point of period n, then there exists a sequence of 
regions (connected and open sets) R; closing down on p and such that, for 


each i, Ry is an A-set invariant under T". 


4, Summary of characterizations. Although the eight characterizations 
that follow are concerned exclusively with elementwise periodicity on S — LZ, 
7® Each point has a finite orbit. 
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many of these may be altered slightly to make them applicable to either § 
or. S — L*. 


(4.1) Derrition. Let (nm) denote the sum of all cyclic elements in 
8S which are invariant under 7"(S) = 8S. If there exists a sequence of integers 
M1, such that: (a) I(m,) CI(n.) C---; (b) S2(ni) 0S—L; 
(c) for any « > 0 there exists an 7 such that each component of S — J(n;) is 
of diameter less than e; then we say that T admits an expanding approxima- 
tion to S—L. 


(4.2) THeorem. In order that the homeomorphism T(S) =S be ele- 
mentwise periodic on the cyclic elements of S in S—L tt is necessary and 
sufficient that one of the following conditions be satisfied: 


(a) ZT admits an expanding approximation to S —L. 


(b) T is componentwise periodic and each unbordered T"-invariant A-set 
A in S admits a contracting T"-approximation which preserves interiority at A. 


(c-g) T its componentwise periodic and, for every positive integer n, 
T” has one of the five properties ** of Ayres and Whyburn. 


(h) Jf M is any set in S—L having the property that M contains each 
cyclic element of S which intersects ** M then T(M) C M implies T(M) = M. 


temarks. No formal proofs are needed here: see Theorem? [4. tw]; 
Theorem (3.4); Theorems (3.2) and (2.6); and Theorem [1.2w]. In 
using these, change L* to L, property (a) to componentwise periodicity, and 
point to cyclic element when the situation warrants such a change. 

17 Four defined in (2.5); the fifth is the fixed point property for nodal sets. They 
are defined for 7 and 7'-invariance;.if 7” is used, 7"-invariance must be used in order 
to apply Theorem (2.6). It is not overly strong to assume these properties for every 
positive integer n; the reader may readily verify that neither of the assumptions, (a2), 
for n = 1 and n = 2, implies the other. 

18 M is a sum of cyclic elements. 

19 ATW p. 249 and the proof on the next page. The necessity argument requires 
[4.3W] which we shall have independently in (c-g) below. The sufficiency is imme 
diate. No cycle of proofs was attempted. 
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5. Continuous decomposition; concluding remarks. If each point of 
S has a finite orbit then 7'(S) = S is said to be pointwise periodic, and the 
use of the orbit space, wherein each orbit is considered as a point, is often 
advantageous. For this purpose it is desirable to know that the limit of a 
convergent sequence of orbits is an orbit; the associated transformation is 
then interior (open) and the decomposition is said to be continuous. It was 
originally intended that this section should contain a proof of the following 
theorem: *° If the period function of the homeomorphism T(S) = S is defined 
for points and is bounded on each cyclic element in S then the orbit decom- 
position for S is continuous. Two interesting theorems ** recently published 
combine to include this result but they do not answer certain conjectures which 
seek to make the continuous decomposition property cyclically extensible.** 
The large amount of necessary ground work makes a competent treatment of 
such conjectures lie beyond the scope of this section; instead we use .a special 
continuum to illustrate briefly the use of Theorem (3.4) in this direction. 
The invariance of the non-degenerate element below makes for brevity as much 
as do other more apparent assumptions. 

We let 1 denote a semi-locally-connected continuum containing only one 
true cyclic element #. It is also assumed that the homeomorphism T(X) = X 
is elementwise periodic on XY with T(£) =F, and that [G@] is a collection 
of disjoint closed invariant sets filling up X subject to the conditions: (1) If 
te X —E, or xe F is a cut point of X, then ce Ge [G] implies that G, is 
the orbit of x; (2) ye # implies that the sets [G,] which (as a consequence 
of (1)) fill up / give a continuous decomposition of #. It is asserted that 
[G] is a continuous decomposition of X. Using distinct sets of the decom- 
position suppose that pie G(i) e[G], piap, G(t) L and peL. We wish 
to show that p « G,«|@] implies L = G,. If p has period n and lies in Y — EF 
then the sets ((7) are point-orbits. Moreover p is an unbordered 7"-invariant 
A-set; hence if 1/(7) denotes the orbit of pj; under 7” we may show by Theorem 
(3.4) that W(i) > p. Thus G(t) is the sum of at most n sets T*(M(1)) and 
T*(M(i)) > T*(p). The result G,— now follows by standard methods. 
Turning to the other possibility, pe £, we see that the fact that pie HF for 
infinitely many 7, gives the desired result by the continuous decomposition 


20 Abstract. Bulletin of the American Mathematical Society, vol. 46 (1939), p. 82. 

21 ATW [5.1] p. 251 and [6.42] p. 258. The first due to Whyburn, the second 
due to Hall and Kelley. In this connection see Montgomery §7, p. 262, and [7.11] 
for n-dimensional manifolds. 

*? This means that the property holds for all of S provided it holds for the orbit 
of each cyclic element in S. These conjectures are concerned with decompositions into 
sets related to orbits; they may be, for example, the closures of orbits. 
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on /. If on the other hand K is a component of ¥ — F and pj eK holds for 
infinitely many 1, then Theorem (3.4) may be applied to the set consisting 
of p and the orbit of K under 7"(p) =p. Here we use M(t) > p as done 
above. Finally with pjeK(i) in cne-to-one correspondence and each K (t) 
a component of X — / we may show that L = G, by structural considerations, 
Since the sets K(i) form a null sequence it can be shown that Lim (i) 
= Lim O(1) where O(7) is the orbit of zi = F(K(t)). (This remark ignores 
certain necessary refinements). Thus the continuity of the decomposition on 
Ii may be used in view of the inclusion O(1) C E. 

In conclusion it may be noted that since little is said about the orbits 
of end points of S 
that accompany the infinite orbit in L. However the work in section (2) 


it would be fitting to isolate the structural features of 8 


suggests a systematic analysis of the onto-homeomorphism and there is evi- 
dence that this question will automatically fall within the scope of any in- 


vestigation of that nature. 
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ON NON- NEGATIVE FUNCTIONAL TRANSFORMATIONS.* 


By Ericu RotHe. 


1, Introduction. Alexandroff and Hopf have given a topological proof 
of a theorem-—known as the theorem of Frobenius—whose essential part may 
be stated as follows: let / be an n-dimensional real space and let » = (xr) 
be a homogeneous linear transformation mapping the point rC # with coérdi- 
nates 2, into the point »C with coérdinates y,, y2,° 
if (1) the coefficients of the matrix of % are non-negative and if (ii) the 
determinant of 3} is different from zero, then there exists at least one positive 
eigen-value of 3}. i. e. a positive number A such that r = A¥(zr) for at least one 
point x whose codrdinates are not all zero. 

Let us call a point rC # non-negative if its codrdinates are non-negative, 
and a transformation 7 non-negative if the image of any non-negative point 
ris non-negative. With these terms the above theorem may be restated in 
the following form: the linear transformation (xr) has at least one positive 
eigen-value if (i) 7 is non-negative and if (ii) there exists a positive number 
m such that for all r 


where 


It is the object of the present paper to prove similar theorems for certain 
non-linear transformations in Hilbert spaces whose points r are functions 
r=2z(t). In such spaces we might call the point r—2(t) non-negative if 
a(t) = 0 for all ¢ for which x(¢) is defined, or we might call x(¢) non-negative 
if all components of (/) with respect to a given complete system of orthogonal 
functions are non-negative. With either definition we shall prove a theorem 
concerning the existence of a positive eigen-value for certain non-linear com- 
pletely continuous * transformations §(r) mapping non-negative points into 
non-negative points (Theorems 4.1 and 4.2). These theorems are applica- 
tions of a general eigen-value theorem in the abstract Hilbert space F 


* Received March 15, 1943; presented to the Iowa Section of the Mathematical 
Association of America, April 25, 1941. 

1 [1], p. 480. (Numbers in brackets refer to the bibliography). 

*TI.e. a continuous transformation mapping each bounded set into a compact set. 
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(Theorem 3.2).° This general theorem is based on a fixed-point theorem for 
the mapping on itself of a “ convex ” set situated on a sphere of (Theorem 
3.1; for the definition of convexity on a sphere of F cf. 2 IV). This fixed- 
point theorem is obtained in turn by introducing a “ stereographic projection ” 
(2 III) and thus mapping s on a convex set § lying in a “ plane” space. For 
§ we can then apply a well known fixed-point theorem of Schauder.* 

As an application of the abstract theory two eigen-value theorems con- 
cerning non-linear integral equations, are stated in 5. (As to the relation to 
a result of Birkhoff and Kellogg, [2], see the second paragraph of 5). The 
case of a linear integral equation, however, escapes our analysis. It would be 
of interest to have a topological proof for the theorem of Jentzsch ° which 
states the existence of a positive eigen-value for a linear integral equation 
with a continuous positive kernel and is thus a direct generalization of the 
theorem of Frobenius mentioned above. It would also be desirable to have 
such a proof in the classical case of a symmetric kernel. 


2. Preliminaries. Let EF be the real Hilbert space. For future reference 
we recall the following properties of the scalar product (r,)) of two points 


of 


(z, 9) 

(r,r) > 0 if xr is not the zero element of FE 
(2.1) (r,r) = 0 if xr is the zero element of 

(x + 9,3) = (2,3) + (0,8) 

(rr, for any real number 7. 


6 


If the norm || r || of x is defined as + V(r, 1), then Schwarz’ inequality 
9)| S|} holds, the equality being true only if ay + By = 0 for 
some a, 8 with 8? 0. Moreover the scalar product is continuous. 
The main object of this section is, in close analogy to the n-dimensional 
case, to introduce a stereographic projection in EF and to prove some of its 


properties which will be useful later. 
I. If p and r° are two points of F, the set 


* Regarding the relation of this theorem to eigen-value theorems first proved by 
Birkhoff and Kellogg [2] and stated later with greater generality by Schauder, [5], 
p- 179, and Rothe [4], $§ 3 and 4, see footnote 10. 

*[5], p. 174. The first proof for a fixed-point theorem in function-spaces is con- 
tained in [2]. 

5 [3], p. 235. 

German letters denote points of Greek letters real numbers. 
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is called the straight line determined by x°® and p; the subset for which 
0<A=1 is called the segment pr. If E’ is a subset of E which has one 
and only one intersection r different from p with the straight line (2.2), f is 
called the projection of x° from p on £’. 


II. Let r be a positive number and 6 a point of #. By definition, the 
sphere with radius r and center b is the set of all points r for which || r — } || 
=r. The set of all points x for which || r— 6b || Sr is called the full sphere 
with radius r and center 6. A sphere will be denoted by S and the corre- 
sponding full sphere by V. The segment determined by two points r° and 4? 
ot S (cf. I) is also referred to as the chord y°r*. It is readily seen that all 
points of the chord r°r!, with the exception of r° and x’, are interior points of 
V. Let S be the sphere with radius r whose center is the zero element o of L, 
let p be a point of 8, and ry? an arbitrary point of F different from p for which, 
moreover, (p,)-—1Y.) 0. By the use of the rules (2.1) it is easily seen 
that the projection f° of r° from p on S (cf. I) is given by (2.2) with 


‘ r? —— (x°, p) 
III. Let S be the sphere || r || 7 and aa point of S. By definition, 


the tangent plane to S at a is the set of all points r—a- Av. where A is a 
real variable (— «0 <A< #). and b a point subject to the conditions 


(2. 4)  (v,a) =0. 


For any point r of S different from p = — a, the stereographic projection t 
of r from p is then defined as the projection (cf. 1) of r from p on the tangent 
plane 7 at a; p is called the pole of the stereographic projection. For later 
use we note the following formulas for the stereographic projection which 
follow easily from the definition and the rules (2.1):? 


(2. 5) 

where 

(2.6) p= 4r?/|r—p|?, A—p(b,r—p) z) 
and 

(2.7) r—p+p(i—p) 


where p = 4r?/|| p—f ||*. 


"Noticing that (pr) = —ala + ») =— a? and that 2p(p — 
= p> + r°—2pr = (y—p)*, one obtains the value of # in (2.6) upon multiplying 
(2.5) by j; the value of A follows then by multiplying (2.5) by py. Finally, the 
value of « is obtained by multiplying (2.7) by ~—p and noticing that (2.5) and 
(2.6) yield (¢—p, r—p) =4#lly—p = 
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IV. A subset s of the sphere S not containing the point pC S is called 
convex with respect to p if x° Cs, x’ Cs implies that the projection of the 
chord rr? from p on S belongs to s.* A set § in the tangent plane 7 (cf. III) 
te S is called convex if Yr’ Cs,rCs implies that the segment rr? belongs 
to §. If x° and ry" are the stereographic projections from p of r° and rx’, and 
if arc r°r' denotes the projection of the chord y°r! from p on S, then the 
segment r°¢? is the stereographic projection of arc r°r? from p. Consequently: 
the stereographic projection § of a set sC S which is convex with respect to p 
is convex. 

V. Let r°, x? be two points of the sphere S and let r°, x be their stereo- 


graphic projections from the point pC 8S: 


(99) r= 
where 2°, p' are the corresponding p-values given by (2.6). Then the 
inequalities 

(2. 10) —pl=d>0 (i=0, 1) 
imply 

(2.11) | S (32r4/d*) — |. 


Proof. It follows from (2.9) that 


on the other hand, it follows from (2.6), (2.10), and Schwarz’ inequality 
that 

Sr? | (x° — x7, p)| 8r* 

| 


Therefore, from (2. 12) 

This proves (2.11) since | r'—p || 2r and, on account of (2.6) and 
(2.10), | | S (4r?/d?) S (16r*/d*). 


VI. Let s be a subset of the sphere S which has a positive distance from 
the point pC S. Then the stereographic projection § of s from p is a bounded 
set. This follows immediately from (2.5) and (2.6). 

® A set which is convex with respect to p is not necessarily convex with respect to 
For instance the projection from jp on S of the chord 


a point p’ different from p- 
y not with respect to all points of the 


“ is convex with respect to » but certainly 


sphere 8S. 
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VII. The following two facts are immediate consequences of V and VI: 

(i) let x’, r°,- - - be a sequence of points on S which is convergent and 
has a positive distance from the point pC 8S. Then the sequence r’,r?,- - - 
of the stereographic projections from p is also convergent. 

(ii) Let s be a subset of the sphere S not containing the point p of S, 
and 3(x) a completely continuous transformation defined in s with range in S 
and such that |! $(r) —p || =d>0 for all rC-s. Denote, for any rC S—p, 
the stereographic projection of r from p by r = (1), and its inverse by $-?(r). 
Then, the transformation PRP"(xr) is completely continuous. - 

VIII. The tangent plane 7 (cf. IIL) to the sphere S at the point a 
becomes a linear space if, in an obvious manner, we define the T-sum of two 
points rand y of 7 by 


[e+ o]r—a+ (¢—a) + (9—a) 
and the 7’-product of x with a real number 2 by 
[av]r a(r—a). 
If, moreover, the 7’-scalar product is defined by 


(r,0)r = (x —a,y —a) 
and the T-norm by 


llr—+ V(t—a,z—a), 
T becomes a Hilbert space. 


The notions of a straight line or segment determined by two points 
rt, y of 7, of the boundedness of a set of 7’, of the continuity of a transforma- 
tion mapping a set of 7’ into a set of 7, or of the complete continuity of such 
a transformation may all be defined either in terms of the space E or in terms 
of the space T. It is, however, readily seen that these two definitions actually 


coincide. 
3. Existence theorems in the Hilbert space. 


THEOREM 3.1. Let S be the sphere || =r, p a point of S, and sa 
closed subset of S which is convex with respect to p (cf.21V). Let y = 
be a transformation defined for rC s with the following properties: (i) §1 ts 
completely continuous; (ii) the image of s is contained in s. Then there 
exists at least one fixed-point of 1. a point Cs for which y = (rz). 


Proof. Let r—(r) be the stereographic projection of the point 
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rC S—p from p on the tangent plane 7 at —yp. Denote the stereographic 
projection of s by §, and the transformation 8%, 8"(xr), which is defined in 
5, by G(r). Since T is a Hilbert space (cf. 2 VIII) and, therefore, normed, 
linear and complete, we see immediately from 2 1V, VI, VII, VIII, and the 
hypotheses of our theorem that § is a convex, closed, and bounded subset of T 
and that G(r) is a completely continuous transformation which maps § in 
itself. Hence, according to a theorem of J. Schauder,® this transformation 


possesses a fixed point r. Obviously r = $8-1(r) is then a fixed point of %. 


THEOREM 3.2. Let y= (xr) be a transformation defined for all x of a 
certain subset E, of HE. We assume that there exists a certain sphere S defined 
by || x || =r, a point p on S, and a closed subset s of S which belongs to EL, 
and is convex with respect to p such that for rC-s the following conditions 
hold: (i) &(x) ts completely continuous and there exists a positive constant 
m such that || || =m. (ii) || belongs to s. 


Then there exists a positive number » and a point x of s such that 
(3. 1) 

Proof. For the mapping §.(r) = /|| || satisfies all the 
hypotheses of Theorem 3.1. Therefore r=%.(r) for a certain rCs. For 
this r equation (3.1) holds with A= r/|/§ (x) Il. 

4. Application to Analysis. In what follows F will be the space L* 
of all functions r = x(t) which together with their squares are integrable in 
0 =¢=1 in the sense of Lebesgue. As usual the scalar product of two such 


functions r — z(t), » = y(t) is defined by 


1 
(x, 9) a(t)y(t)dt and |x V (z,r). 
0 
As a preparation for the next theorem we prove the following 


Lema 4.1. Let S be the sphere || x || =r in E = L*, p that point of 8 
which represents the constant —r, and s the set of all points ry =-2(t) of 8 
for which x(t) = 0 almost everywhere in 0StZ1. Then (i) s ts convez 
with respect to p (ef. 2 IV) and (ii) s ts closed. 


[5], p. 174. 
1°The theorems mentioned in footnote 3 deal with the case in which the set s is 
identical with the whole sphere S so that condition (ii) of our theorem is automatically 


satisfied while the inequality || ay (x) il =m holds for all rCg. This latter fact 


restricts the applicability of these theorems as compared with Theorem 3.2. Cf. the 
remarks in the second paragraph of section 5 of the present paper. 
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Proof. Let r°=«°(t) and y'=<2'(t) be two different points of s, and 


(4.1) = + ay! + 0< a?) 


a point of the chord x x! different from x® and a2. If then 
(4. 2) =r? = p+A(r?— p) = Az? (t) + r(A—1) 


is the projection of r° from p on S (cf. 2 1), we have to prove that r? C s, i.e. 
that 
(4.3) r(t) 20 (almost everywhere in 0St=1). 


To see this we note that rx? is an interior point of the full sphere || r || Sr, 
i.e. that || r° || <7. The formula (2.3) for A in 2 II shows then that A > 1. 
Hence we have from (4.2), (4.1), and the hypotheses concerning 2°(t) 
and 


= + a2*(t)} + r(A—1) Sr(a—1) BO 


which proves (4.3) and therefore the assertion (i) of the lemma. 

To prove the assertion (ii) we have to show the following: if x" = x"(t) 
(n= 1,2-- -) considered as a sequence of points in LH =L? is convergent. 
if, moreover, z"(¢) = 0 almost everywhere in 0 =¢=1, and 


n> X% ( 


1 

(4. 4) a(t) =r=limr’, i.e. lim f [a(t) —a"(t) |*dt = 0, 
then = 0 almost everywhere in 0 1. Obviously it will be sufficient 
to prove that for each positive number ¢« the measure m(e) of the set e of 
points ¢ (0 = t=1) for which x(t) <= —e is zero. But the fact that m(e) 
= zero follows immediately from (4.4) and the inequality 7"(t) = 0 since 

[a(t) — x(t) ]*dt | [a(t) —a"(t) = &m(e) 
0 


forn =1,2.---. 


THEOREM 4.1. Let y = §(x) be a completely continuous transformation 
mapping each point y= x(t) of a certain subset E, of the space E = L? into 
a point »=y(t)C L*. We assume that there exist two positive numbers 
rand m such that all functions x = a(t) C L? for which 


(4. 5) =r? and z(t) 20 
0 


nearly everywhere in 0St=1 belong to E,. Moreover, (4.5) implies: 
(i) |] | 2m; (ii) y(t) — P(x(t)) 20. 
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Under these assumptions there exists a function x(t) satisfying (4.5) 
and a positive number such that x(t) =A¥(x(t)). 


Proof. Let S be the sphere || r || =r of # = L*, and s that subset of S 
for which also the second condition (4.5) holds. Let p be the point —r of S. 
On account of Lemma 4.1 it is immediately seen that the assumptions oi 
our theorem imply those of Theorem 3.2. Hence Theorem 4.1 is a con- 
sequence of Theorem 3. 2. 

In the same way the following Theorem 4.2 can be shown to be a con- 
sequence of Theorem 3.2. Though the proofs of these two theorems are thus 
essentially the same it should be noted that their analytical contents are dif- 
ferent inasmuch as they deal with quite different types of functions. 


THEOREM 4.2. For r=-2(t) C L? let 
1 
f x(t) (n = 0, 1, 
0 4 


be the components (Fourier coefficients) with respect to the normed orthogonal 


and complete system 


(4. 6) do(t), di(t),° 


of functions in L?. Let y = (xr) be a completely continuous transformation 
mapping each point r= x(t) of a certain subset E, of the space E = L? into 
a point y=y(t) CL. We assume that there exist two positive numbers 
r and m such that all functions x(t) C L? for which 


oo 
(4. 7) > =r? and 2,20 (n =0,1,-- -) 
n=0 
belong to E,. Moreover (4.15) implies: (i) |] 2m; (ii) 
(n =0,1,- + -) where yn are the components of y(t) = &(a(t)) with respect 
to the system (4.6). Under these assumptions there exists a function x(t) 
whose components x, satisfy (4.7) and a positive number A such that x(t) = 


AB (x(t) ). 


5. Remarks concerning the application to existence proofs for eigen- 
values of integral equations. We consider the functional transformation 


where K(s,¢) is continuous in 0=s=1, 0=t=1, and the corresponding 


eigen-value problem 


(4.9) r= A(z). 
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As Birkhoff and Kellogg ** have pointed out, the existence of a positive 

eigen-value with a corresponding positive eigen-function in case of a positive 

of § K(s,¢) is an immediate consequence of their general theorems if f(t, x(t) ) 
S. But already if 

ol (4. 10) f(t,2) 

con- 
their theory can not be applied. Indeed for «(t) =—1 we have f = §(r) 

con- = (0 and the condition || §(xr) || = m > 0 is not satisfied for all x of the sphere 

thus | x || = 1 (cf. footnote 10 of the present paper). In view of this fact it might 
dif- be worth mentioning that Theorem 4. 1 of the present paper allows us to assert 
the existence of a positive eigen-value and a corresponding positive eigen- 
function of (4.8), (4.9) under the following conditions which contain (4. 10) 
as special case: there exist two positive numbers r and m and three non- 

-) negative functions A(t), B(t), and C(t) of L’, the last one being bounded, 
such that for all 2(¢t) C LZ? for which 

onal 1 

f a*(t)dt and x(t) = 0 almost everywhere, 
f(t,a(t)) belongs to L? and the following inequalities hold: 

tion 

inte K (s, t) f(t, a(t)) 2 ma*(t) (m > 0) 

bers 

0<| f(t, a(t))| A(t) + B(t)x(t) + C(t)a2(t). 
Finally we assume that the relation 

f [a"(t) — a(t) —0 

pect implies 

r(t) lim f 2(t)) Pat = 0, 

) 0 

We omit the proof which consists of a simple verification of the hypotheses 

yen- of Theorem 4. 1. 

n To give also an example for Theorem 4.2 we replace the interval 
0=t=1 by the interval —x=t<7- and specify the system (4.6) by 
setting 

ling (5.4) do = (1/V 22), bon = (1/V 7) cos nt, dena = (1/V sin nt, 

(n == 1,2,°- -) 
11 [2], p. 113.—For the following cf. footnote 10 of the present paper. 
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As can be shown ** from Theorem 4. 2 the integral equation 
z(s) K(s—t){a(t) + b(t)a(t) + 


has at least one positive eigen-value \ and a corresponding eigen-function x(s) 
which 1s even and has non-negative components with respect to the system 
(5.4) if the following conditions are satisfied: K(t) is a continuous function 
with the period 2x and a(t), b(t). c(t) are bounded functions of L*. All 
these functions are even and their components with respect to the system 
(5.4) are non-negative. Moreover, if an and K, are the components of a(t) 
and K(t), the product anKn is different from zero for at least one value of n. 


UNIVERSITY OF MICHIGAN. 
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HARMONIC CONTINUATION IN SPACE.* * 
By D. M. Sewarp. 


1. The object of this paper is the extension to three-dimensional space 
of Hadamard’s theorem ? on harmonic continuation of harmonic functions in 
the plane. Our result is stated in Theorem I below. We use the following 


definitions. 


(1.1) A set o of points P(x,y,z) in space is said to be an analytic 
surface set if, to each point p of o, there corresponds a function E,(P) 
= E(x, y,z) which, in some sphere about p,° is analytic, has a non-vanishing 
gradient Y;, and vanishes on, and only on, o. , 


(1.2) <A function U(P), defined on a set o of points in space is said 
to be analytic on o if, to each point p of o, there corresponds a function Vp(P) 
which in some sphere about p, is analytic and coincides with U(P) on o. 


THEOREM I, Let D be a domain in space with boundary d; let the frontier 
of D contain an analytic surface set o no point of which is at zero distance 
from d—o; let U(P) =U (a, y,z) be harmonic in D and let either 


(1.3) U(P) be continuous on D+ o and analytic on o, or 


(1.4) U, Us, Uy, Uz coincide in D with functions continuous on D +o 
and let OU /én, the outer normal derivative of U on a, be analytic ono. Under 
the above hypotheses, U can be continued harmonically across o. That 1s, 
there is a function U*(P), harmonic in a domain D* containing D + o, which 
coincides with U(P) in D. 


2. We first reduce Theorem I to a “ local theorem.” 


THEOREM I]. Let the hypotheses of Theorem 1 hold. Let O be a potnt 
of o. Then U(P) can be continued harmonically across o at O. That ts, there 
is a function Uo(P), harmonic in a sphere Ro about O, such that Uo(P) 
=U(P) in D- Ro. 

* Received August 27, 1942. 

1 This paper is, in essence, a thesis presented at Duke University in 1941. The 
author wishes to express his indebtedness to Professor J. J. Gergen. 

J. Hadamard, Mémoires présentés par divers savants VAcadémie des Sciences 
de Institut de France, ser. 2, vol. 33 (1908), pp. 23-27. 

* By a “sphere about p” we mean an open sphere with center at p. 
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That Theorem I is a consequence of Theorem II may be seen as follows. 
Assuming Theorem IJ, there corresponds to each point p of o a sphere R, 
about p and a function U,, harmonic in R,, which coincides with U in D- R,. 
Denote by R’, the sphere about p with radius one third that of Ry. The set 
D*, obtained by adjoining to D the sets R’, for all p on o, contains D + o. 
Plainly D* is open. Noting that D is a domain, that each R’, is convex and 
contains points of )), we see that D* is connected and therefore a domain. 

Now define U* in D* as equal to U in D and equal to U, in Rh’, — D- hh’, 
for each pono. Then U* is single valued. Otherwise there would be a point 
FP, in two of the spheres R’, and FR’g, with the radius of R’, not smaller than 
that of R’g, such that Up(Po) # Uq(Po). We should then have FR’, contained 
in Ry, and Up( Po) =U(Po) = Uq(Po) in D- Since D- is a non-void 
open set, this would lead to a contradiction. Since U* coincides with a har- 
monic function in the neighborhood of each point of D*, U* is harmonic in D*, 


Thus Theorem I follows from Theorem II. 


3. The rest of this paper is devoted to the proof of Theorem II. We 
develop the proof in a series of lemmas. We may suppose that the origin of 
our 2-, y-, z-axes is at O, and that the positive or negative z-axis lies along 
the gradient at O of the function #(P) = F(a, y,z) corresponding to O in 
the sense of definition, (1.1), according as O is or is not a limit point of 
points of D on this gradient. With axes in the above position we have 


E(0, 0,0) = E,(0, 0,0) = E,(0,0,0) =0; E;(0,0,0) #9. 


z|,iy|, 


Noting that there is a positive number /o such that, in the cube 
< he, F is analytic and vanishes on and only on o, we have, on applying 
results of implicit function theory * 

Lemma I. There are positive numbers h, and hz less than ho and a func- 
tion f(x,y) such that f(x,y) is analytic and | f(a,y)| << hi for |x|, 
< ho; the part oo of o inside the parallelepiped 


is represented by z==f(a,y), |@|, | y| < he; and 
(3. 1) f(0, 0) = f.(0,0) = f,(0,0) = 0. 
The domain N, being within the cube | z|, | y|, | z| < ho, contains no 


points of D—o. Thus, since O is a frontier point of D, our choice of the 


positive z-axis results in 


* See, for example, E. Goursat, Mathematical Analysis, vol. 1 (1904), pp. 35 and 399. 
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LEMMA 2. The sels N 


Ni: —hi<z<f(a,y), < he, and 


No: f(t%,y) << 2@<h, |, ly|<he 
are domains such that N = WN, +N,+ 0, D-N,=N,, and D:N.=0. 


4. We now define a domain A whose boundary is smooth enough to, 
permit representation of U in A as the potential of a surface distribution. 


LEMMA 3. There can be constructed a domain A with boundary s such 
thal (a) A +s is contained in Ni +0; (b) for a sufficiently small positive 
number hs, hs < he, the part of s in the cylinder r= Vat y < hs, |z | <Ahs, 
is represented by z=f (x,y); (ce) for each point p of s, there is a neighbor- 
hood of p, the portion of s within which, when referred to tangent-normal 
axes (Ay, A2,A3) at p, has a representation = Ap(Ay, Az), the function Ap 
being one-valued and continuous with its first and second partial derivatives, 
for Ay, Az sufficiently small. 

There is a positive constant A; such that, for |x|, | y| < ho, | f(a, y)| 
<= A,(2* + =A,r?. We choose hs so that 3h; 3h3 he, and 
VA ih; <1. Then | f(a, y)| S Ayr? S A,h,? for r < 3h3. We set 


The polynomial g has the properties: 


g(hs) = 1, g’ (hs) = 9" (hs) = 9 (2hs) = (2hs) = (2hs) = 0. 
We put 
(f(a, y) 
f* (2, y) = 4 (f(x,y) +hslg(r) —hs, hs 
— 2hs + {hs* — (r— 2hz)*}%, 2hg <C 3h; 
| — 3hs, r< 2h; 
= < 
|—2hs — {hst — (r—2hs)*}*, <r S Bhs. 


[t can be verified that f+ and f- are continuous with their first and second 
partial derivatives. 


For A we take the set of points for which 


The boundary s of A consists of the surface z = f*(r, y), z =f" (x,y). Noting 


that the part of s for which r= 2h, coincides with the part of the surface 


a 


‘ 
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of revolution (z + 2hs)* + (r-—2hs)* =h;* for which r= 2h3, we see that 
A has the properties specified in (a), (b), and (c). 


5. Domains bounded by surfaces having the tangent-normal representa- 
tion property of (c), Lemma 3, are of the type considered by Kellogg ° in his 
treatment of the Dirichlet and Neumann problems. Using Kellogg’s results, 


we have 


Lemma 4. Let K(p,q) =—1/2m 0/dn (1/pq), On 8, and n 
being the outer normal to s at q. Referring to (1.3) of Theorem I, there is 
a function Z(p) = Z (2, y, 2), continuous on s, such that 


(5.1) Z(p) ——U(v) + ff K(p, (9) 
for p on s; and, for P in A, 
(5.2) U(P -ff K(P, q)Z(q) 


Referring to (1.4) of Theorem I, there is a function Y(p) =Y(a.y,2 , 
continuous on s, such that 


(5.3) ¥ (p) ¥(q)K(4,p)ds 
for p on s; and, for Pin A, 


(5. 4) U(P) = (1/2n) ff ¥ (q) (1/Pq) ds¢. 


6. With regard to the functions 
Z(x,y) =4(2,y,f(2,y)), 
of the above lemma, we have 
Lemma 5. The conclusion of Theorem II holds if Z(x,y) or Y(a,y) 
is analytic at c= y = 0. 


We divide s into two parts: 
st: z—f(z,y),|2| <hs/V2, |y! <hs/V2, 


and s—s*. Then s* divides the parallelepiped N*: |x| <h;/V2. |y| 
<h;/V2, |z|< into two domains; N*,: |r| < hs/V 2, ly|< h/V 2; 
—h,<z< f(x,y) and N*, = N* — (N*, + s*), of which N*, is in D and 


50. D. Kellogg, Foundations of Potential Theory, Berlin (1929), Chap. XI. In 


particular, Theorem I, p. 212, Theorem I, p. 311, Theorem V, p. 314. 


| 
| 


HARMONIC CONTINUATION IN SPACE. 2509 


N*, is exterior to D. By a theorem due to Schmidt,° if Z(z,y) [or Y (2, y) | 
is analytic at x = y= 0, then there is a function U*o(P), harmonic in a 
sphere R*o about O which coincides with 


SS. K(P,q)4(q)dsq [or (1/2n) f f _¥(q)/Pq 


in R*o:N*,. On the other hand, the function 


is harmonic at all points not on s—s*. Choosing then a sufficiently small 
sphere Ro about O and setting Uo(P) = U*o(P) + U**o(P) for P in Ro, 
we conclude that the lemma is valid. 


7. To complete the proof of Theorem II we have to show that 7 (zx, yy 
for Y(a,y)] is analytic at r—y=—0. Since the proof for Y is analogous 
to that for Z we confine the discussion to 7. 


‘unction f has a power series expansi 
The function f has a power series expansion 


f(z, y) = >> 


which, for sufficiently small x, y, |x|, | y | < hy say, converges absolutely and 
represents f(z,y). We have There are numbers A», hs, 
0<h; < hy, such that the function 
fF (x,y) = & | | wry” 


has first partial derivatives less than 0.1 and second partial derivatives less 
than A. for |a|,|y|<h;. We select arbitrarily 0 << k < h;, and denote by 
s, the subset of s for which z=f(a,y), ||, |y|<&. The functions 
V(a,y) = V(a,y,f(a,y)) and W(2,y) = W(a,y, f(a, y)), where V is the 
function corresponding to O and U in the sense of definition (1.2), and 


W (2, y, 2) K (P,q)Z(q) 
8-8k 
are analytic at « = y = 0). We choose he > 0 so that the expansions of V (2, y) 
for | x 


We put 


y| We select h so thatO Ch << k,h < he and h < 1/128 As. 


°E. Schmidt, Mathematische Annalen, vol. 68 (1910), pp. 107-118. Also R. Bruns, 
Journal fiir Mathematik, vol. 81 (1876), pp. 349-356. 
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(x — u)fro(u, v) + (Y— v) for (u,v) + f(u, v) ae y) 


U,V) = + (y—v)? + [F(u, v) — f(a, y) 


for Then from (5.1) we have, for 


j=4 *h h 
(7.1) Z (2; Y) — 9) +f du p(x, y,u,v)Z(u, v)dv, 
j=1 h -h 


where 
h 
Wi (2, y) = 1/4[— V(a,y) + We. y)] + du o(x, y, u, v)Z(u, v) de, 
-k 


and ws, ws, wy are similarly defined with the rectangle of integration 


(—k,—k; —h,h) replaced in turn by (—Ak,h; h,k), (h,—h; kk), 
(—h,—k;k,—h). To prove that 7 is analytic at « = y = 0 we shall show ke 


that there is a function L(x, y), analytic, bounded and satisfying the equation 


th h 
(7. 2) = (2, y) + f du f o(x,y, u,v) L(u,v)dv 
h -h 


for |z|,|y|< A. By symmetry and addition it then follows that there is a 
function Z*(x,y), analytic and bounded for |x|, | y| <A such that (7.1) 
holds with Z* in place of Z. The. following uniqueness theorem serves to 


show that we must have Z* = for |x|, !y| <h. 


Lemma 6. If P(x, y) is continuous and bounded for |x|, | y| < hand if 


h h 
P(z,y) = du f o(.r,y,u,v)P(u, v)dv 
-h h 


then P(x,y) =0 for'al,ly|<h. 
The second partial derivatives of f are bounded by 1. for |x|, |y| <h 

so that 
| y, u,v)| S (a@— uv)? + 


Hence, for 


h h 
| P || f du [(a@—u)? + (y—v)?]7dv 
-h -h 


<A,| P| 2ev2h 


=A 


| P(z,y)| S Az 


where || P || =l.u.b.! P(a,y)| for |x|,|y|<h. But, with h < 1/128 
this can only hold if || || = 0. 


8. It was stated without conclusive proof by P. Lévy’ that a function 
Z(p) satisfying (5.1) might be proved analytic by allowing p to have com- 


7P. Lévy, Acta Mathematica, vol. 42 (1920), pp. 232-235. 
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plex coérdinates. We introduce complex variables « = 2’ + ix”, y= y’ + ty”, 


, in which 2’, y’, 2”, y”,: > +, are real. These are not, however, the 
codrdinates suggested by Lévy. 

Permitting «x,y to assume complex values in the expansion of f(z, y), 
we obtain a function / (.r,y), say, holomorphic in the domain 8,: |x|, | y| < hs. 
The first and second derivatives of / are bounded in absolute value by 0.1 
and A.» respectively. Similarly letting x,y assume complex values in the 
function 1/4(— V ++ W) we obtain a function II(z,y), holomorphic in the 
domain 8: |2|,!y| <hs We put 
M, (x,y, u,v) = —u) Fy (u,v) + (y—v) Fe (u,v) + F(u, v) — y), 
M,(2, y, u,v) = (w—u)? + (y—v)?+ [F(u, v) — F(a, y) ]*. 

These functions are holomorphic in the domain 
8: lol <hs 
in the x, y, u, v-space. We proceed with a series of lemmas. 
LEMMA 7. For (x,y, u,v) in 8; we have 
F(u,v) — F(a, y) |? S0.1(|¢—u |? + j y—v|?), 


Supposing (x, y,u,v) to be in 8; and the integrals taken along linear 


(8.1) 


paths, we have 
| F(u,v) — F(a, y) |? = Fo, (u, s)ds F,,(t, y)dt |? 
= 0.1(|¢—u|?+ | y—v|?), 


| My (a, y, u,v)| = v)dr + F,,(t, s)ds}dt 
t 


F,.(u, w)dw}ds | 


S 

Lemma 8. Let T denote the set of points in 8, for which 
(8.2) + (y” —v”)? < 0.4[ — + (y’ — 0’)? ]. 
Then T is a domain and, for (x,y, u,v) in T, the real part R [M.(x, y, u. v) | 
of M. satisfies the inequality 
(8. 3) R[M.] > 04[(2’ —w’)? + (y’—’)?] > 0. 

We see that 7’ contains any real point (2’, y’,u’,v’) in 8; for which not 
both a’ = w’ and y’ =v’. In particular, the point (—h,—h,h,h) is a point 
of T. The set 7 is clearly an open set. We now show that it is connected. 


h,§ 
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Let (X, Y,U,V) be a point of 7’ and consider the points (x,y, u,v) of the 
set for which «= + iX”’(1—-t), 0=t=1, with like conditions on 
y, u, and v. These points lie in 7’, for (8.2) holds. As ¢ varies from 0 to 1, 
the point (2,y,u,v) varies from (X,Y,U,V) to (X’, Y’,U’, V’). 
either X’ U’ or Y’4 V’. Suppose the former. Let y go from Y’ to —h 


Now 


and v from V’ to -—h, both through real values, holding « = X’ and u =U’, 
Now let « go to —/A and u to —h along the real axis. The point (2, y, u,v) 


has gone from (X, Y,U,V) to (—h, —h,h.h), remaining in T throughout. 
Thus 7’ is a domain. 
As for (8.3), we have, for (x, y,u,v) in T, 


be [ M. (2. y, u,v) ] = (2’ — + — 0’)? — (a” — uu”)? — (y” — 0”)? 
+ R[f(u, v) — f(z, y)]? 
= 0.5[(#’ —u’)? + (y —v’)?] —0.1[ — + — | 


> 0.4[ —u’)? + (y’— v’)?] > 0 
LemMMaA 9. For (z,y,u,v) in T, we define 


M, (a, y, u,v) 
(2, 9, U, 2r{J[Mo(x, y, u,v) 
where 


J(w) = V | w | 


Then, for (x, y,u,v) in T, ®(2,y,u,v) ts holomorphic and 


8. 4) | y, u, v)| =| 
( ( V —w’)? + (y’ 


For real (z,y,u,v) in 7, ®(z,y,u,v) reduces to o(2,y,u,v). The 
functions M, and M, are holomorphic in 7 and R[M.] > 0. J(w) is holo- 
morphic in the right half-plane, @[w] > 0, so that J(M.) and [J (M.) }° 
are holomorphic in T. Since J(M.) #0 in T, it follows that ®(z, y, u, v) 
is holomorphic in 7’. 

To get the bound (8.4) we make use of (8.1), (8.2), and (8.3) getting 

| M, a, u,v)! A.(|\a—u| |y—v 


A,[ — wu’)? + (y’—v’) — + (y” —v”)*] 


—w’)? + —v’)?]*? 


1.4A,[ (2’ —u’)? + (y’—v’)?] — 
0.4er[ — u’)? + (y’ — 0’)? V —w’)? + — 


IIA 


| | 
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LemMA 10. Let JI! =H(a,y) be the set of points in the (2, y)-space 
for which | a” | < 04(h—|2’|), | y”| << 04(h—|y’|), and | y” | 
<0.4(h +2’). Then H is a domain and the function 


-h h 

(8.5) Wil(z,y) = y) +f dvi’ f y, u’,v’)Z(u’, v’) dv’ 
-k -k 

is holomorphic and bounded in H. 


For real (x,y) in H, ¥,(z,y) reduces to y, of 7. That H is a domain 
can be proved in the same way that JT was shown to be a domain. , 

We verify that when (2,y) is in H, u=w’, 
Sh, we have Sk <hs and 


— wu’)? + (y” —- = [ (2)? + (y”)?]* 
< (0.32)4(h +2’) < 
We conclude that (z,y,u,v) lies in T. Since ®(2,y,u,v)Z(u,v) is con- 
tinuous for (z,y) in H, S—h, —k Sv’ Sh, and for each such 
(w’, v’) is holomorphic in H, it follows that the integral in (8.5) represents 
a function holomorphic in H. On applying (8.4) we see that this integral 
is bounded for (z,y) in H. The function II(z,y) being holomorphic in 8 


which contains /7, we conclude that the lemma is true. 


LemMA 11. Let G(z,y) be holomorphic and bounded in H. Let H, be 
the set of points in the (x, y, u)-space for which 
H,: (2,y) ts in H, |u”| +h), | | < 04(2’— Vv’). 


For (x, y,u) in H,, let C(x, y,u) be the open polygonal path in the v-plane 
from —h to V- to V* to h, where 


V- = V-(z,y,u) = (y+h), J (y—h). 
Then H, is a domain and the function 
(8.6) B(z,y,u) = y, u,v) dv 
C(a,y; u) 


ts holomorphic in H,. 


That H, is a domain can be proved in the same way that TJ was shown 
to be a domain. 

Let (z,y,u) be in H, and v on C. Then we have ||, |y|. | wl], | v| 
<h, <04(a’—u’) and either | y¥”—v”| < 0.4(y’—v’) or 


n 
1, 
W 
| 
0- | 
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<ly’ | +h) < 04(a’ — ww’) or | —v" | 
< 0.4(0’—y’). Furthermore, we have 


<04(h—|w'|), |v? | <0.4(h—| |) 


and 


<ly”! < 0.4(w +h). 
It follows that (2, y, u,v) is in T and that (u,v) is in H(u,v). Using the 
inequality (8.4), we see that the integral (8.6) exists. 
To prove that B is holomorphic in //, it is sufficient to show that, if F 
is any domain whatever which with its closure lies in H,, B is holomorphic 
in Let be any such set, now fixed. For y,u) in F, (a + h)/(w +h) 


is bounded above by an integer m. For n = m -+ 1, the points 
Vil(y) =— ht (yth)/n, (y—h)/n 


lie respectively on the left- and right-hand segments of C. For n= m+ 1, 
we denote by C, = (x. y, u) the polygonal path in the v-plane from to 


V- to V+ to V,”. We put 
(7, U) P(x, y, u,v) G(u, v)dv. 
Ca 


We find by use of (8.4) that | B”! does not exceed a constant multiple of 
log 6h/(2’ —u’). Accordingly the functions B” are uniformly bounded in EF. 
Furthermore, for a fixed (r,y,u) in F, the limit as n— © of B” is B. To 
prove that B is holomorphic in H,, it suffices, as a consequence of Montel’s 
theorem on uniformly bounded sequences of holomorphic functions,* to show 
that B” is holomorphic in F for all n= m-+1. To establish this fact, we 
shall show that B" is differentiable with respect to x,y and wu in L£. 

Let (Xo, Yo, Uo) be a point of FH. The set of points (2, Yo, Uo, VU). Uv on 
Cn, is a closed subset of 7’. The set of points (u,v), v on Cn, is a closed 
subset of H(u.v). Hence there is a positive constant 6 such that, if 
lAr|, | Ay|, | Aw|, | Av| <8 and v is on Cy, then (a + Az, yo + Ay, 
Uy + Au, v + Av) is in T and (up) + Au, v+ Av) is in H(u,v). We note 
that the set O(v): v on Cy, | Av | < 8, of points v + Av in the v-plane is a 
simply connected domain. 

We let 

A,B" = B" (2x9 + Ax, Yo, Uo) — B" (Xo, Yo, 


For 0 < { Av | and sufficiently small, the path Cy (2 + Av, yo, Uo) lies in Y(v). 


8 P, Montel, Lecons sur les familles normales de fonctions analytiques, Paris (1927), 


p. 241. 
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For Av fixed and 0 < | Ar| < 8, + Ax, yo, Uo, v) v) is holo- 
morphic function of v in Q(v). The end points of Cn(ao + Az, yo, Uo) and 
Cn(Xos Yo: Uo) ave the same. Consequently we can apply Cauchy’s theorem. 


We obtain 


A,B" = f + Ax, Yo, Uo, Vv) — Yo, Uy, V) |G (Uo, v) dv. 
Ca 


Now. for v on the closed set Cn(2. Yo. Uo), the difference quotient of ® with 
respect to x tends uniformly to ®,(.to, Yo, Uo.) as Ar—>0. Thus, since 
G(U,U) is bounded on Cn, we conclude that B,”" exists. The proof that By” 
exists is similar to the foregoing and will be omitted. 
It remains to consider differentiability with respect to y. We let 
A,B" = B" (Xo, Yo + Ay, Uo) — B" (Xo, Yo. Uo). 


If | Ay | is sufficiently small, the curve (C, (2. Yo -- Ay, Uo) lies in Q(v). We 


change the path in the first term of A,B", getting 


A,B" = [ Yo + Ay, Uo, Vv) — Yo, Uo, v) 
Ca Yo: Uo) 


Val (yo) Vn? (yo) 
+ { Yo + Ay, Uo, Vv) (Uo, v) dv. 
Vi (yorAy) Vn? (yotAy) 


We now divide by Ay and let Ay—0. As in the case of A,B” the limit of 
the first term exists. Noting that 
li 


mit Yo + Ay, Uo, V) G (Uo, Vv) = OE | 46, uo, v9 
and that 

Vint (Yo + Ay) = Vil (Yo) + Au/n, (j=1,2), 
we find that B,” exists. 


LEMMA 12. Lel Gand B denote the functions defined in Lemma 11. For 
(7, y) in I, let T(r) denote the open linear path in the u-plane from —h 


tox. Then 


(8.8) B*(z,y) = B(x, y,u)du 

is holomorphic in H and 

(8.9) | | = 64 A, | G lah, 


where || G @| for (x,y) in H, 
For (x,y) in H and u on T(x), we have | u” | < 0.4(u’ +h), | wu’ —2” | 
< 0.4(a’—u’). Hence (2, y,u) liessin H,. We obtain the existence of the 


integral (8.8) and the bound (8.9) on noting that, for (x,y) in H, 


| 
| 

| 
| 
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G ll h. 


f | du | | (2, y,u,v)| | G(u,v)| | dv| S64 A, 
r 


(x) 

Now let T(z) be the linear path in the u-plane from V,?(r) to Vy'(2) 
where VN = n/(n--1). For n > 2, let B*, (x, y) be the integral of B(2, y, u) 
over [,(z). For (z,y) in H we have 

| B*, (a, y)| S | B*(z, y)| S 64 Az || G 
As n> ©, B*, (x,y) B*(x,y). To show that B* is holomorphic in H 
it suffices to show that B*, is differentiable in H. Let (xo, yo) be a point of H. 
Using the methods of Lemma 11, we find that B* in differentiable with respect 


to x and y at (Zo, Yo). 
LemMa 13. Let G(x,y) be holomorphic and bounded in H. Let Hz be 


the set of points in the (x,y, u)-space for which 
H,: (a,y) is in H, |u”| << 04(h—w’), |u”—2" | < 0.4(u’—2’). 


For (x,y,u) in H., let C(y) be the open polygonal path in the v-plane from 
—htoytoh. Then H, is a domain and the function 


b(z,y,u) = y, u,v) G(u, v) dv 
Cly) 


is holomorphic in H,. For (x,y) wn H, let T*(x) denote the open linear path 
in the u-plane from x toh. In H, the function 


b* (2, y) b(a, y, u)du 
r 


ts holomorphic and 


| b* | S64 Ay || G lah. 


The reasoning by which this lemma is proved is similar to that for 
Lemmas 11 and 12 and may be omitted.. In Lemma 11 we permitted the path 
C(z,y,u) to get only as far from the axis of reals in the v-plane as 
(u’ + h)| y” | /(a’ +h) in order to obtain the inequality 

| Sly’ +h) < 04(2’ +h). 


In the present case, we have a’ < wu’ and thus 


Lemma 14. Let G(x,y) be holomorphic and bounded in H. For (x.y) 
in H the function 


G* (2, y) (x, y, u,v) G(u, v) dv 
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where 


y,u) if 
C* 

C(y) 
is holomorphic and 


| @* | <128 A, || G wh. 


9. Lemma ld. There exists a function I(x, y), holomorphic and bounded 
in H, such that 
y) = Vi (2, y) du y, u, v)l(u, v) dv 
o 


for wn H. 
By Lemma 10 ¥, is holomorphic and bounded by || ¥; |lz. We put 


(2, y) = du f P(x, y, U,V) (u,v) dv 
c* 


e 
y) du (x, y, (u, v) dv, (n == 2,3,° °°). 


These functions are holomorphic in H and 


In (ayy) (128 Ash)" |W, 


As (128 Anh) <1, it follows that the series }}1,(2,y) converges uniformly 
1 


in H and defines there the required function I(z, y). 


LemMaA 16. Let x,y be real. There exists a function L(x, y), analytic 
| | 


and bounded for i‘x|. |y| <h, such that equation (%.2) holds for |x|, 
ly | ie 
Supposing z,y real, |x|, |y!<h, then (x,y) as a complex point lies 
in H. Thus L(x,y) =1(a,y) is analytic and bounded for |y| <h. 
In addition, 
> h h 
f du y, u, v)l(u, v)dv du f (2, y, u, v) L(u, v) dr, 
(* -h J -h 


V,(z,y) =y,(2, y) 


so that (7.2) holds. This lemma validates the assertions of 7 from which 
follow the truth of Theorems I and II. 


OUACHITA COLLEGE, 
ARKADELPHIA, AkKKANSAS. 
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ON THE MOVEMENT OF A COSMIC CLOUD.* 


By A, RosenBLATY. 


1. I presented in 1926 a Note to the Accademia Nazionale dei Lincei: 
“ Sur le cas de la collision générale dans le probleme des trois corps ” (Vol. 3, 
Ser. vi (1926)) in which J gave the canonical form of the equations in the 
case of a triple collision with a simple singularity in the point of collision. 
At the same time J] began the study of the movement of a cloud of cosmic 
dust of finite dimensions subjected only to Newton’s law of attraction. The 
density p was supposed to be a function of the codrdinates wv, y, z and the time / 
which is integrable in Riemann’s sense. I proved the analogon of Sundman’s 


first theorem. 


THEOREM 1. “A cosmic cloud cannot tend to its center of mass, its 


momentum of inertia tending to zero, if the vector K of areas is positive.” 


This result has never been published. Recently Professor G. Garcia 
obtained, by a very interesting method, Sundman’s inequality in the case of 
n bodies. He passed then to the case of a cosmic cloud giving the generaliza- 
tion of Sundman’s inequality for this cloud. 

I have revised my old results and have succeeded in deducing Professor 
Garcia’s beautiful result by my method, using Schwarz’s inequality for in- 
tegrals. I venture to publish these results adding some considerations which 


I believe to be new. 
2. I suppose the initial state to be given by the velocity distribution 
(1) = U(2o, Yo: 20, Vo = U( Los Yo: Zo: fo), Wo = W(Los Yo: Zo; ty). 


We have the condition of the invariance of mass 


(2) (p/po) D(a, y, /D(Xo, Yo: 20) = 1. 
or 
(3) pdv = podvo, 


(4) f od. 
Vo JV 


The equations of motion are 


(5) du/dt =0U /dx, dv/dt =dU/dy, dw/dt = 0U /dz, 
* Received September 5, 1942. 
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(6) = p dv’ /d = f p d. 
e y’ 


(7) d= + + 


The autopotential W is 


PL: 

(8) W 4 J J pp dvdv’ /d 4 J pop odvodv' o/d. 
h VJ Vv’ JS Vo 

vn. Introducing the function 
ie (9) = f pdv, d= polto/d 
he V Vo 

and setting 

we have 
}(d/dt)f? = u(du/dt) + v(dv/dt) + w(dw/dt), 

its }(d/dt) = (du’/dt) + v’(dv’/dt) + w’(dw’/dt), 
‘la (d/dt) {4 f pf-dv +43 f p f’*dv’} = (d/dt) { f pdv(udU /dx + vdU /dy + /dz) 
of 
a- dv’ + v’0U"/dy’ + w’dU’/02’) } 
= (d/dt){ (f (u(dd-*/dx) 4- v(dd-*/dy) + w(dd*/dz) 
h- 


4+ f pdup de’ (u' (dd, dx’) +- v’ (dd-"/dy’) + w’ (dd-*/d2") } 


pp dvdv’ (d/dt d) =2(dW/dt). 


Putting 


Wee 


we have the equation of energy 


(10) 


Let us consider the moment of inertia J 


3. 


(11) [ = == pol Vor, oy? + 


We have 


MI = pd)? f (Vpdv-r)?=J?+4 (r—?’)?, 


i 
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where we have put 


(12) f ordv. 
We have 


f pdv(du/dt) = (d*/dt*) pdvup dv’ (dd-*/dz) 
-—ff pdvp'dv’ | (x — 2’) /d*| 0, 


and denoting by é, 7, £ the coordinates of the center of gravity 


(13) ff — ME, pdv-y = My, f pdv-2— ME 


we have 
d*é/dt? d*n/dt? = d*{/dt? = 0, 
so that we suppose 


Jf pdv-ym f pdv-z—=0, 
(5) S ff pdo-w—o. 


We have, therefore, 
uf pdv-at— (Vpdv 2)? 
cf +4 f f pp dvdv’ (x — 2’)? ete., 


so that we obtain the formula 


(16) MI = ff pp dvdv’ d?, 


We have also 


M f pdv-u> = ( f pdv-u)*+ 4 pdup’ dv’ (u —u’)?, etc., 


so that 
(17) MT=—}j} Sf pdvp'dv’[ — u’)? + (v—-v’)? + (w —w’)?]. 
4. We have 


(d/dt) pdv(yz’ -— zy’) = pdv(y0U /dz — zaU /ay) 
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so that we get the 3 integrals of areas 
(18) = Ke 
—- xz’) = Ky, 


f pdu(xy’ — yr’) = Kz. 
5. We have 


== (aa? + yy’ + 22’)? + —a’y)? + (y2’ -- yz)? + — v2)’, 
f>VELE Pe, 


a= yz’ — b = 2a’ -— 2x, c= Further 


(S miVae? + + = mi?(ai? + + 
+ mm; Vai + bi? + - + + = (J miai)? + midi)? 


+ mici)? + mim { Vai? + bi? + ci? Vaj? + + 
ixj 
— aja; — bib; — cic;}. 


Also 
+ bi? + (aj? + + = faia; + bibs + cic;)? 
+ (ash; — ajbi)*? + — + (ejai —- ciaj)’, 


so that 


(> mi \ ai bi? + => mai)? + midi)? + (> mici)’, 


pdurf)* = ( pdva)? + Cf pav-b)? + pdv-c)? 


Ke. 


Hence 


+3 f ff de VEF — + 


21T == 4 ff pdvp dv’ )? 
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Thus we obtain the inequality 
(19) 21T = K? 
where K is the magnitude of the vector of areas. 


6. Let us now suppose that J tends to zero as ¢ tends to ¢, (finite). 


The mass m exterior to a sphere of radius r= R would then satisfy the 


inequality 


e being > 0 and arbitrarily small, 


m polly < 


the integral being extended over the domain r= Rh. 


The mass in the sphere of radius 7 is 


ny = f m M — e/R?. 


It follows that W tends to + 2 if ¢—>?,. Indeed 


Choosing RP < y, and then ¢«/R* < €, € arbitrarily small, we would have 


> (1 4R) (M —/R?)? 


(20) W = (1/4n) 


It follows that if then 0,1” o, I’ grows constantly 
being negative, otherwise J would not tend to zero for ¢—> ¢,, and J diminishes 


constantly to zero. 
If 7-0, J’ is always negative and J can be taken as the independent 


variable. We have 


dl’/dt = (dl’ = dl) (I’?) =2W + = 2T + 2, 
I al 
(21) Tal +40 dl. 
Io Io 


Hence 
I 
Tal, 
Io 


tends to a finite limit. which is negative, as t—>t). It follows from (19) 


that we have 


I I 
K? (d1/21) = 


0 Io 


| 
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and 4K*(log J -—log J,) tends to a finite negative limit as 10, which is 
only possible if K 0. So we have Sundman’s Theorem 1, a result obtained, 


as mentioned, in 1926, but never published. 


7. We shall now show that we obtain Sundman’s inequality generalized 
in Professor G. Garcia’s remarkable papers. To this end we proceed as 
follows. 

We have 


[= pdvr*, == 2 pdu(xa’ + yy’ + 22’), 


i + yy” +22" + 7? + 7?) 


a= 2 pdvf? + 2f pdv(xdU /dx +- yoU + 20U/0z). 


f pdv(xdU /dx + ydU /oy + 20U /dz) + f p dv’ (x’0U’ /dx’ + /dy’ + 20U’/d2’) 
—ff pp dudv’ -1/d = — 2W = 2pdv(2dU /dx + ydU /dy + 20U /dz). 
From these we obtain the relation of Lagrange 


(22) I” —-2W 40 2T + 20. 


8. We can transform the expression for the kinetic energy. We have, 


on denoting by S the sum of the 3 components, 
= (Sxr’)? + S(ry’ —z’y)’, 
Sx’? = 17? + S(ay’ — 2’y)*/r’, 


2T = f pdv- 1’? + pdv[S(xy’ — 2’y)*/r?]. 


We have 


17? = f (V f (V pdv- 1’)? 
= ( +4 ff prp2dv, (1112 ret" )*, 


pdvr’? = J’*/4T + (1/721) f f p:p2dv, dv. — rer’, )?, 
8 


| 
—— 


274 A. ROSENBLATT. 


(23) + (1/21) fs pip2dv, (14172 — 
pdv[ S (ary — 2’y)?/r?] = 2W 4+ 2C 1” — 2. 
9. We have 
f pdvr? - pdv (ay —2’y)?/r?] = s(f pdv(xy’ —2’y))? 


+ asf f pip2dv,dv.[ (11/r2) — 2’y) 2 — (2/11) — 2’y’),)’. 


Thus we have obtained Sundman’s relation generalized by Professor 
Garcia 


(24) I” —20 = 1/41 + (1/2I) ff — 


4. K2/I + (1/21)S f f pip.dv,dvs 
/r2) (y2’ — zy’) 2 — (12/11) — zy’)1]?, 


and putting J = R* and, following Professor Birkhoff and Professor Garcia, 


(25) H = RR”? — 2CR + K?/R? 
we have 
2RR” + R? — K?/R?— 2020, 


(26) H’ = R’{2RR” + R? — 20 —- K*/R?} = FR’, 
which is Professor Garcia’s inequality. 
10. Multiplying (23) by J’/VJ and integrating we get 
d/dt I2/VI =Vl’/V1 — = — d/dt 2K*/VI 
+. OVI’ 4- f f pip2dv,dv2 (1112 — + SQ.’}, 


= fs pip2dv,dve[ (11/12) (y2’ 2y’)2— (12/71) (y2’ — 2y’)1]° ete., 
(27) I7/2VI+ 2K?/VI—-40VI= (I’/21°/2) {SQ.? 
+ Sf 2 — Const. 


It may be also remarked that (19) is an immediate consequence of (24). 


| 
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11. Let us suppose that J tends to zero, K being zero. We have from (24) 
4(d/dI) (1) Il’ —20P 4(d/d1) (I) —2C02I?/4l, 


Io 
— I?) = (41/41), I< Io. 


As t > to, t < %o, the integral 
Io 
f (1’2dI/1) 
I 


SSOr must be finite, from which it follows that J’ must tend to zero. 


12. We have 


(28) 2MT — f f pdv Sx’? s(f 2’)? 
+ 48 f pip2dv,dv2(x’, — 
S (a, — — 2/2)? = 
+ S[ (#22) — (yr — (#1 — 2) 
— @’2)* = (112)? 
+ S[ (41 (y/s — — (ys — (21 — 


+- iff Pip2 12)”. 
Further 


‘cla, 


MI’ = f f Avot 12, 


H +4 f — 134132)”, 


+ (1/4MT) if if ( pip2pspsdv, 34 — 134712)? 
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(30) 27 =2W +20 + (1/2M)S oip2dv,dv. 


13. Let us denote by S the expression 


We have 


SW = 4 fJ piprdv, dv. dy» 1/dys 
,dv,dv2)* + JS Sf pip2psps dv. dvs: du, 


(Wdi2/des — V 
(32) Swe iM. 


We have 


MI=} f f 
+ ff pip»pspsdv, dvodvgdv, ‘ (dy. = ds4)*}, 


= 


Thus we obtain the inequality 

(33) I= 4(M°/W?), 

from which it follows that if we have 0, 1” 

I 

I’ increases being negative, and the limit of K? TdI is finite, from which 

we conclude that K = 0. 

It follows from (22) and (33) that 


(34) I” >40 + 


14, Let us now study the case C > 0. We have 
I” 4C, 
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I” is always positive, /’ increases constantly. Excluding the case /—>0, 


t—> t’, we have a single minimum of J and J grows to + o if t—>-+ o. 


Pf, 


Let us suppose the minimum of J, J), realized for tt), Ip) =0. For 


t = ty) we have 


dl’ /dt = (dl’/d1) I’ = }4(d/dl) (I?) => 40 + VM°/21, 


— I — 
(35) + f (dl/V 1), 
Io 
jl’? => 4C(1 —1,) + (VI— 
I’? > 80(1 —1,) + (VI— V1), 


(36) [8C(1-—1)) + 2V 2M (VI— VI.) ]*, 


Putting \ VT dx, = we have 
(38) {2xdx/[8C (22 —Ip) + 2V 2M (tq — ]*} t— ty 


8C (2? —I,) + (x — 
= 8Cr? + 2V (8Cl, + VI) 
= (V8C r+ VM*/2VC)? — (8CI, + 2V VI, + M*/4C) 
= (V8C r+ VIF /2V0)?— (V80 + 


Putting 


V8Cr+ VM 2VC=s, VIP2VC=5, 


we have 


(s° So2)2 


(39) 


Neglecting the 2nd term in (34) on the right we get simply 
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(37) f (dI/(8C (I —I,) 4+- 2V (VWI— 2 t—to. 
Io 
7 
= 
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I 
- 
Ip 


15. Let us consider the case C = 0. 


I 
I” => V M521, V M®/2I dt. 
Io 


I’ increases and J has a positive minimum, the case of general collision being 
excluded, otherwise /’ would be always > 0, J would diminish with t > — 
and this leads to a contradiction as 


to ty 
t t 


l’— I’, > — «, with Ford] > I» we have 


(VI-V1.), l= [2V2M* (VI-— V1) 


(41) {dI/[2V2M° (VI — t— to. 


Putting VI Wie = we have 


{2adx/[2 V — to) t—t,, 


0 


or, on setting V2—2, «= 
(42) + y°/3} = t — to. 
Ift>+o0,y—>+ ~, we have 
y°/3 = (Y/M/2)*(t —to) {1 + €(t —to)}, 


y = Wi — ty WB (WY Wt — to (1 + — to) }, 
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(48) {V1o+ Wt— (M/2)*/*(1 + e(t — to) }? 
= 34/3 (M/2)°/*(t — to)**{1 + — to)}. 


16. We have from (5) 
’dv’[8(1/d) /x]dr, 
v—v(te) = f° Yar, 
w— -f p dv’ [0(1/d) /dz|dr, 
(44) —- u(ty) (t-— to) dr J. dr, 


t 
y — y(to) — v(to) (t — to) dxf drip dv’[0(1/d) /oy], 
to to 


2(to) —- w(to) — to) = def 


Suppose that /# is the radius of the least sphere, with center at the center 
of gravity, which contains all the points of the cosmic cloud. RF varies con- 
tinuously with /. We have the inequalities 


| p’dv’[8(1/d) | p’dv'(1/d2) ete., 
Vv’ Vy’ 


2R 


if p is the upper limit of p. 


If we suppose that RF tends to infinity if t—>¢#, (finite), and that the 
density p has the finite upper limit p we obtain from (44) the inequalities 


t T 
to to 


Fal 


at 
< +] wo] + dr 


to 


8rR(71), 


0 


which lead immediately to a contradiction, if t; — ¢ is taken sufficiently small. 


| 
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Thus we obtain 


THEOREM 2. It is not possible for the cosmic cloud to tend to infinity 
if t tends to a finite value t, the density being uniformly limited in t, 
t,. 


Indeed (45) holds for all particles within the cloud, but there are particles 
for which 


in each moment of time, although it may be that these particles are not 


the same. 
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AN EXPRESSION FOR THE SOLUTION OF A CLASS OF NON. 
LINEAR INTEGRAL EQUATIONS.* 


By R. H. CAmMeEron and W. T. Martin. 


1. Introduction. Consider an integral equation 


(1.1) x(t) = y(t) + 2(8))ae 


e 


where @(t,€,u) is continuous in 
and satisfies a uniform Lipschitz condition 


(1.3) | G(t, & uz) — G(t, << M | | 


in (1.2). By the usual method of successive approximations it is easily seen 
that to each continuous function y(t) vanishing at ¢ = 0 there corresponds 
a unique continuous solution z(t). Our purpose in the present paper is not 
to prove the existence or uniqueness of the solution but rather to give an 
expression for it. The solution is obtained by taking weighted averages of 
al! continuous functions, with heavier weights on those functions which lie 
near the solution, that is with heavier weights on those functions z(¢) for 
which the expression 


(1.4) (y(t) —2(t) + G(t, €, x(t) )dg}"dt 


is relatively small. This averaging process is carried out by an integration 


Y 


over the space C of all continuous functions x(t) vanishing at t = 0. 

For this integration process we could use any integral over C having 
certain abstract properties. Rather thav merely cataloguing the properties 
which would have to be required of such a general integral we have decided 
to write this paper in terms of the Wiener integral. This integral seems to 
be the most satisfactory since it is sufficiently abstract and general and at the 
same time sufficiently specific to handle the present problem. For the con- 
venience of the reader we shall give in Section 2 a brief resumé of the Wiener 
integral, indicating the mapping of functions into points and the consequent 


connection between the Wiener and the Lebesgue integrals.* 


* Received March 11, 1943; Presented to the American Mathematical Society, 
February 27, 1943. 

‘A complete treatment of the Wiener integral may be found in the paper, N. Wiener, 
“Generalized harmonic analysis,’ Acta Mathematica, vol. 55 (1930), pp. 117-258, 
esp. pp. 214-224. 
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Our theorem is as follows. 

THEOREM 1. Let-G(t,& uw) be continuous in (1.2) and let it satisfy 
there the uniform Lipschitz condition (1.3). Then if y(t) is any ? continuous 
function in 0S t=1 vanishing at t -=0, the integral equation (1.1) has a 
unique continuous solution x(t) given by 


*t 
re “expl—p f —a(t) 2(€) lag 
0 0 


Cc 


where the l.i.m. is taken in the L.-sense, for ordinary Lebesgue integrals 
w 

0=721, and the two integrals f are integrals (averages) in the Wiener 
Cc 


sense, taken over the space C of all continuous functions x(-) vanishing at 


the origin. 


A simple example in ordinary algebraic equations will serve to illustrate 
the general idea of the theorem. Consider, for example, the equation z* = c¢; 
c real. Then the (real) solution 2, is given by 


exp[— p(z* — 
=lim 
pox 
exp[— p(z*? —c)*]dz 
e/ 


For fixed p the weighting factor exp{— p(z* —c)*} is near zero except for 
those values of x whose cubes lie near c, while for 2 a number whose cube lies 
near c, the weighting factor lies near unity. As p becomes larger and larger 
this process emphasizes more and more those values of « whose cubes lie near 
cand as p— o it yields the solution 2) whose cube is c. 

As we have stated, we shall give a brief resumé of the Wiener integral 
in the next section. This section may be omitted by those who are familiar 
with the Wiener integral and by those who are willing to assume that it has 
certain of the properties of the Lebesgue integral. In Sections 3 and the 
succeeding sections we introduce and prove a slightly more general theorem 
and in Section 7 we show that this theorem includes Theorem 1. 


2. The Wiener integral.* In defining his integral Wiener maps the set 


2 We state explicitly that this theorem holds for all y(t) in O, not merely for 


almost all. We call attention to this fact because we are using certain concepts which 


are often associated with the ideas of probability. 
See footnote 1. 


| 
| 
| 
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| 


SOLUTION OF A CLASS OF NON-LINEAR INTEGRAL EQUATIONS. 283 
of all real functions defined on 0 =¢=1 and vanishing at ¢ —0 into the 
fy points on a segment of a line AB of unit length. He makes certain sets of 
us functions z(t) which he calls quasi-intervals, correspond to certain intervals 
‘ of AB. The quasi-intervals are sets of all functions 7(¢) defined forO St=1 
ior which 
(2.1) 2(0) = 0; Sze, [jm 1,---, ns (0K 
It dys By his definition of measure (which in his terminology would be called proba- 
bility) the measure of the set of functions z(t) which lie in the quasi- 
Ls interval is 
°° dé, exp{— &,7/t, — [(& — &-1)?/(& — 
(te t,) (tz — to) (tn tn-1) 
te In Wiener’s theory of random functions this represents the probability that 
" a random function lie in the quasi-interval (2.1). Throughout we shall use 
the term measure rather than the term probability. Thus the measure of the 
quasi-interval (2.1) 1s given by (2.2). As Wiener has pointed out, if the 
class of all functions x(t) be divided into a finite number of quasi-intervals— 
some of which then must contain infinite values of x;, or zj2.—the sum of 
tleir measures will be unity. 
oF Wiener sets up his mapping by a process involving limits of sequences 
‘i of the quasi-intervals in such a way that the Wiener measure of a quasi- 
7 interval is equal to the length of the corresponding interval on AB. Except 
- for a set of points of measure zero, he determines a unique mapping of the 
points of AB by functions z(t) vanishing at the origin and satisfying 
(2.3) | x(t’) —a(t”)| ch |’ —t” |% 
for some h. ‘Thus a functional of functions .x(?¢) determines a function on 
e the line AB. We note that a functional is Wiener measurable if the corre- 
- sponding function on the line is Lebesgue measurable. If this function is 
Lebesgue summable then the Wiener integral of the functional is defined to be 
ai | the Lebesgue integral of the corresponding function on AB. 

Consider a functional ®[2(t,),x(t2),- -,v(tn)] where ®(&,- -,&) 
or 18 an ordinary function of the numerical variables for tn 
ch fixed. If is (Wiener) summable and if t; << t2 <<: < then the Wiener 

| integral of is 


| | 
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(2. 4) f #(ta) 


oO 
= dé, f én) 


x exp{é.°?/t, > (2 (En €n-1)?/ (tn tn-1 )} 
ty (t2 — ty) (tz — te) (tn — tna) 


The notation used here differs from that used by Wiener. He writes merely 

Average {®[2(t,),- -,2(tn)]} or -,2(tn, a) for the 
“0 

left member of (2.4). We find it useful to have the above notation. The 

w above the integral sign in (2.4) indicates that it is a Wiener integral, and 

the dx indicates that the integral is taken with respect to the functions 2(f), 

The C below the integral sign denotes that the integral is taken over all 

functions z(t) belonging to C, which by (2.3) includes all 2(¢) except for 


a set of measure zero, so that f dwx—=1. If &[x(-)|t] is any summable 
Jc 


functional over a measurable subset S of C, then we understand by 

(2. 5) [2x(-) |t]dux 
S 

the integral 


Cc 

where 

@[x(-)|¢] for x(-) in 

2.7 = 

(3.9) 0 otherwise. 

A final property which we shall need is expressed in the following lemma. 

LeMMA 2.1. For each x(t) « C and for each » > 0 the set Tn consisting 
of all functions x(t) eC and satisfying 

1 
(2. 8) {x(t) —2o(t) }*dt 

4 


has positive Wiener measure : 


(2. 9) > 0. 
Tn 


*A consideration of the Wiener mapping, together with the basic equi-continuity 
property (2.3), will show that #(7) is Wiener-Lebesgue measurable as a function of 
the two variables 2(-) and 7 in the product space [#(.)¢«C, O0Sr=1). As a con 


sequence the integral f {x(t) — x(t) }Pdt, for fixed a,(t) eC, is a Wiener measurable 
0 


functional of «(-), and hence the set Ty is Wiener measurable. 


| 
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This particular property is not encountered, at least not explicitly, in 
Wiener’s paper, it being unnecessary for any portion of that paper. In order 
to avoid too great a digression at this stage we postpone the proof of the 
lemma until the final section (Section 8) and proceed at once to our genera! 
theorem, assuming the validity of the lemma for the time being. 


3. The general theorem. It seems useful to be able to replace the 
function e-” which enters into the weighting factor of Theorem 1 by a more 
general function of two real variables. For this purpose we introduce a func- 
tion E(A,p) which may be any function satisfying the following four 
conditions.° 


A. E(A,p) > 0 for OS p< ow. 


B. For each fixed p, E(A,p) is contniuous in A in 0OSA< o@. For 
p > 0, F(A, p) is non-increasing in A and for p < 0, H(A, p) is non- 
decreasing in X. 


E(A, p) , 
p00 E (A 9 p) < 
D. Corresponding to any three numbers 6, », A with 6 >0, »20, A > 0, 
there exists a positive number po(8,A,) such that the inequality 
EB (A, p)E[(VA+ »)?,—A] S E(8, p) E[(V8+ »)?,— A] 
holds for all A= 6 and all p > po(8, A, »). 


We also introduce a general operator F[x(-)|t] defined over the space C 
of all real functions {x(¢)} defined and continuous in 0 [¢ 1 and vanishing 
att 0. For the special case of Theorem 1 the operator F' is simply 


at 
a(t) — G(t,& dé. 
O 
In our general case the operator F is to take elements x(t) of its domain C 
into functions y(t) == F[x(-)|¢] belonging to C. We assume that the opera- 


tur has the following four properties. 


1°. F is continuous in the sense that corresponding to any -function 


5If H(\,p) is taken to be e-\p then conditions A, B, and C obviously hold. Con- 
dition D can be shown also to hold, with p.(6, 4,4) = A(1+ 46-%). To see this we 
proceed as follows. First (d/d&)[— pf + A(é+u4)?] =2(A—p)Et+ 2Au and this 
is non-positive whenever {2=Au/(p—A) and p> A. Hence the erpression — Ap 
+A(VX +p)? is + for p=A(1+4d-%). This gives the desired 
inequality for the exponential. 
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%(t) « C and to each positive number 6 there is a positive number y, depending 


upon 8 and Zp», such that 


(3.1) 14] — S | 
holds whenever | 
(3. 2) J {2(t) —2o(t) < 9. 


2°. F is a 1—1 transformation of the whole of ( into the whole of C. 
We shall denote the (unique) inverse of F by F™. 
3°. Fis continuous in the sense defined in 1° for F. 


4°. There exist positive constants K and A such that ° 


Vf KEL {x(t) }2dt, — A] 


holds for all x(t) C. 

We now consider the functional equation 
(3. 3) F[a(-)|t] = y(t), 
where y(¢) is an arbitrary given function of C. By property 2° the solution 
is unique, being denoted by F-*[y(-)|t]. The theorem which we prove is 
as follows. 

THEOREM la. Let F be an operator which is Wiener Lebesgue measurable 
in z(-) and t and let it have the properties 1°,---,4°. Let E(A,p) bea 
function having the properties A,- - -,D. Then for any y(t) «C the (unique) 
solution of (3.3) 1s given by 


(3.4) F[y(-) |r] =1.i. m. 


J (Fle) — y(t) }°dt, p]dux 
C 70 


> | 


where the l.i.m. ts taken in the I.-sense, for ordinary Lebesgue integrals, | 


0S7r1. 
Proof. Denote by z)(7) the inverse 


(3. 5) = F*[y(-) |r] 


*It should be noted that this is a very weak condition because the second variable | 
of the E-function is negative. Thus if #(\,p) were taken to be e-\s, the right-hand t 


"2 
member of the relation in 4° would be K exp[A f {x(t) }*dt). i 


| 


ling 
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which exists and belongs to C by 2°. Let « >0 be given. Then by 3° there 
exists a = ) such that 


(3. 6) {x(r) € 
whenever 


Notation. We denote by S5 the set of all a(-) «C such that (3.7) holds, 
and by Ss its complement in C. 

Integrals over Ss and also over Ss,. will occur as denominators as we 
proceed. Thus it will be useful to see that these sets have positive Wiener 
measure. By property 1° of the operator F’, there exists an 7 > 0 such that 
whenever 


(3. 8) {x(r) — %(r) }?dr < ». 


We denote by 7 the set of those 2(-) for which (3.8) holds. Then 
7'n C S52 C Ss. But by Lemma 2.1, Ty has positive Wiener measure ; hence 
Ss. and Ss have positive Wiener measure. 

We now write the limitand of (3.4) in the form 


(3.9) J BL J, 14] at, ple _ + Qo(r) 


where 
(3. 10) Pp(r) = (1/Dp) Ap(a, y) dux 
e S65 
(3.11) Qp(r) — (1/Dp) Ap (2,9) 2(r) dex 
“ 85 
(3. 12) Rp = (1/Dp) Ap (2. y) 
(3. 13) Dp =  Ap(2, y) due 
8§ 
(3. 14) Ap(a, y) = EL f (Ff x(-) |t] — y(t) pl. 
0 


It is easily seen that the denominator Dp is positive. First, we have 
already seen that the Wiener measure of Ss is positive. Next, the integrand 
is bounded away from zero in x(:) for each fixed positive p. This follows 
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from property B for the function F(A, p), together with the fact that (3.7) 
holds over Ss. Thus Dp is positive for each fixed positive p. 
Our proof of Theorem 1a will consist of three main steps. 


Step 1. We shall show that 
for all p > 0. 
Step 2. We shall show that 
°1 
(3. 16) lim {Qp(r) }2dr = 0. 
poco 0 
Step 3. We shall show that 


(3. 17) lim Rp = 0. 


In view of the decomposition (3.9) of the limitand the carrying through 


of these three steps will vield the theorem. 
4. Step 1. We have 
1 
(4. 1) {Pp(+) }"dr = (1/Dp?) {DpPp(+) Dpxo(r) 
e7 O 0 
= (1/D,*) { Ap(x. y)[a(r) 
70 
*w 
85 


(a2), y) [2 (7) — }de 


w w 
— (1/D,?) {Ap(x™, y) 
e S65 e S65 


[a™ (7) ] [a (7) — dr} dur™ dya? 


S5 S85 70 


e 0 


} 


7) 


ugh 


2dr 


: 
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The above operations are justified by the Fubini theorem for Wiener 
integrals 7 and the Schwarz inequality for Lebesgue integrals. 

Over Ss the inequality (3.6) holds, and hence the Wiener integral in the 
final member of (4.1) is not greater than Ve Dp; and (3.15) follows. 

5. Step 2. As in Step 1 it follows from Fubini’s theorem and the 


Schwarz inequality that 


(5.1) {Qp(r) }2dr = (1/Dp?) fit Ap(«, y)2(1) dw} 2dr 
e/ 0 e 8 


Now by properties 4° and 2° of our operator F, given in 8, we have 


and by Minkowski’s inequality 


Finally, by property B, Section 3, the function #(A,— A) is non-decreasing 
ind in 0OSA< o. Thus (5.3) and (5.2), when inserted into (5.1), 


lead to 


(5.4) = (K*/Dy*) | FeO at, p) 
J 0 “ 868 


Next, we apply property D, Section 3, of our function E(A,p) using the 
fact that 


holds over Ss. Thus (5.4) yields 
(5.6) 


*The Fubini theorem holds for two Wiener integrals or for Wiener and Lebesgue 
integrals since the Wiener mapping takes function-space into a linear interval to which 
the ordinary Fubini theorem applies. See Section 2 of the present paper and footnote 1. 


9 


| 


290 R. H. CAMERON AND W. T. MARTIN. 


this holding for 


(5.7) p> (u(t) 


By (3.13), the definition of 83,2 (see (3.7)), and property B of 3 we have 


w aw 
(in) f Ap(2, y)dux = f Ap(a, y) dua = E(8/2, p) dust. 
S65 85/2 85/2 
ew 
Inserting this into (5.6) and using the fact that { dywa S f dyx =1, 
85 
we find that 


B(3 E[(V8+ vf {y/t) — A] 


holds for all p satisfying (5.7). By property C of 3 


B(8,p) 
lim 0, 
B(8/2, p) 


and thus (3.16) holds. 


6. Step 3. In view of property B of 3 and the definition (3.14) of 
Ap(x, y) it follows that 


(6. 1) Ap(z, y) S (8, p) 


holds over Ss and 


(6. 2) Ap (2, y) = E(8,p) 
holds over Ss. Hence 
Ap(z, y) dur E (8, p) A yt 
(6. 3) Rp = 
f Ap (2, dwt J Ap (2, y) 
S§ S5/2 
— 1 
— 9 
(8/2, p) dx 


The desired relation (3.1%) follows by property C of 8, together with the 


fact that S5,2 has positive measure. 
This concludes the proof of Theorem 1a. In the next section we shall 
show that Theorem 1a includes Theorem 1 as a special case, and in the final 


J 85/e 


of 
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section, 8, we shall give a proof of Lemma 2.1 which stated that the set Ss has 


positive Wiener measure. 


7. Theorem 1 as a special case of Theorem la. We have already seen 
that the function e~” satisfies the four conditions A,- - -,D laid down in 3 
for the function /(A,p). (Cf. footnote 5.) Hence all that remains to prove 
that Theorem 1 is a special case of Theorem la is to show that the special 


functional é 


(7.1) F[x(-)|t] = x(t) — G(t, €, x(€) )dé 


is Wiener Lebesgue measurable in «(-) and ¢ and that it satisfies the four 
conditions 1°,- - -, 4° laid down on F in 3 where, in condition 4°, F(A, p) 
is to be replaced by e*. We now proceed to show this. 

First, since x(t) is Wiener Lebesgue measurable in 2(-) and ¢ (see Foot- 
note 4) and since ((/,é,u) is continuous in ¢, é,u it follows that the func- 
tional (7.1) is Wiener Lebesgue measurable in 2(-) and f. 

Next, we look into the continuity of the operator (7.1). If a(t) and 
a(t) are any two functions belonging to C then by Minkowski’s inequality 


and the Lipschitz condition (1.3), we have 


1 
<| f (t) + f M | x’ (€) —2”"(€)| dé}2dt]* 
0 0 0 


= (1+ #)| {x’ (t) — }*dt]*. 


This yields the desired property 1° for the operator (7.1) (even in a some- 
what stronger form). 

Clearly, if x(/) ‘s any function belonging to C, then the left member of 
(7.1) defines a unique function y(¢) belonging to C. Conversely, if y(#¢) is 
any function belonging to C, then by the usual method of successive approxi- 
mations one shows easily that the integral equation (1.1) possesses a unique 
solution x(t) belonging to C. The Lipschitz condition (1.2) is used freely 
in this proof. The procedure is so much a standard one that we omit the 
details. These two facts show that the operator (7.1) possesses property 
2° of 3. 

To show that our operator possesses properties 3° and 4° we first prove 


the following lemma. 


| 
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Lemma 7.1. Jf y(t), y(t) are any two functions of C and x’(t), x(t) 
the corresponding (unique) solutions of (1.1), then 


Proof. For each of the functions (8), (7 = 1,2), we define the ap- 
proximate functions 


(7.4) (t) = (t) 
a = +f G(t,& an (€))d& (n= 0,1,2,° 
Then 


(7. 5) | (t) (t) | 


vt 
+ f [G@(t, an’(E)) — & an (€)) | 
0 


| an” (8) — (6) 


(n= 0,1,2,--°;0S#51). 


We now make an induction assumption, namely for a fixed index k = 0 


we assume that 


fn-tg(n-1)/2 
(7.6 vf (€)— 2x" }*dé af (é)—y"(é)} = 


holds for all ¢ in 0S¢1. On inserting (7.6) into (7.5), with n=—k, 


we find 


(7. 7) | (t) | 
<= |7(t)- {y’(é) —y (ede Vn! 


holds for0 S¢X1. Hence (7.7) and the Minkowski inequality yield 


| 

| 
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(7.8) (8) —2en (€) 


<1 


+2 ) — y(t) 
n=) Vn! 
k n+1 
n=0 Vy n! 


Thus, under the assumption that (7.6) holds for the index k, we find that it 
also holds for the index k+1. But for k=0, (7.6) does hold since 
ay) (t) = y(t). Hence our induction process is complete and (7.6) holds 
for all k =0,1,2.---. Now by the classical theory of successive approxi- 
mations the approximating functions z,'J)(¢) converge (uniformly in 0S¢t 
= 1) to the solution Hence on taking the limit in (7.6) as k—> 
and putting / = 1, we obtain the desired inequality (7.3) of the lemma. 

This shows that the inverse operator to (7.1) is continuous in the mean- 
square sense, that is, the operator (7.1) possesses the property 3°. 

To show that our operator possesses the property 4° we consider a 
special case of Lemma 7.1. namely that in which 2”(t) is identically zero. 
We denote the corresponding y”(t) by y*(¢), which is given explicitly by 
— G(t,é,0)dé. With 2”’(t) and y(t) so taken, Lemma 7.1 yields 


0 


(7.9) Ty Vf — y*(t) 


where 


(7. 10) vf {y* (1) }°dt Ty. 


n=0 


This leads us at once to 


(7.11) (a’(t) }2dt (1+ T*) exp[Ty? {y’(t) 


(t) 
| 
0 

n-1)/2 

| 
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Thus if y’(¢) is any function ot C and a’(t) the corresponding solution of 

(1.1), then (7.10) holds. Due to property 2° this yields property 4° for an 

operator 7.1, where in property 4° the function H(A, p) is replaced by e-. 
Thus the operator 7.1 possesses the four requisite properties and hence 


Theorem 1 is a special case of Theorem 1a. 


8. Proof of Lemma 2.1. In this final section we give a proof of Lemma 
2.1. Although the conclusion seems very reasonable we have not been able 
to construct a very easy proof of it. We now prove the lemma for the case 
when the given function z)(¢) happens to have a continuous first derivative 


in 0S¢t=1, 1. e. we prove 


LemMa 8.1. Let x*(t) be any function of C which possesses a continuous 
first derivative in 0 St 1, and let yn be any positive number. Then 


(8.1) J “dex > 0 
n 


T* 


where T*, is set of all functions x(t) of C for which 
1 

(8. 2) {2(t) —2*(t)}*dt < 
0 


Once we have proved Lemma 8.1 our general result (Lemma 2.1) will 
be easily obtained as follows. Let z(t) be any function of C, and let » be 
any positive number. Then, by the Weierstrass approximation theorem, there 


exists a polynomial of C, say 2*(¢), such that 
1 

(8. 3) f {a*(t) —19(t) }2dt < 9/4. 
0 


And by the Minkowski inequality 


0 


Hence 
(8.5) To, 


and thus if 7*, has positive measure for every 7 >0, then 7'y also does. 
Hence it is sufficient to prove Lemma 8. 1. 
For the proof of Lemma 8.1 let n be a positive integer and form the 


functions 
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(8.6) dyn(t) = [a*((k —1)/n) —a*(t) [k— nt] 
+ [x*(k/n) — x*(t) ][nt — (k—1)]; 
1,2,- --), 


and 


n 
(8. 7) {un (t) }2db. 


(k-1)/n 


Since z*(¢) has a continuous first derivative in 0=¢=1 there exists a 
positive constant p such that 


(8. 8) (t) S 4p?n?[ (k — 1) /n — t]?[k/n — #]?, 


and hence 


n 
(8.9) AnS4p?n? S ‘[(k—1)/n — t]*[k/n — t]2at 
k e 


1 (k-1)/n 
n 
< (4p?/n?) ¥ dt = 4p?/n?. 
k=1 J (k-1)/n 
(8. 10) lim A» == 0. 


We shall need (8.10) later in our proof. We also list four preliminary 


formulas, all very elementary. The first three are 


(8.11) (1/V7) (1/V f ge-®dé=0, (1/V 7) f =f. 
The fourth formula is 
(8.12) a(1—a)[(é—a)?/a+ (E— b)?/(1— 
2é[a(1— a) + ba] + a?(1—2) + 
= — 2é[a(1— a) + ba] + [a(1—@) + ba]? 
+ a?a(1— a) + b?a(1— a) — 2aba(1 — a) 
= {€— [a(1—a) + ba]}? + (a— b)?a(1— 


We proceed now with the proof of Lemma 8.1. Let 7 be any positive 


number and let «*(¢) be any function of C having a continuous derivative in 
0St=1. Then by (8.10) the quantity A, of (8.5) has the limit zero. 
Next let n be a positive integer such that 


(8. 13) 1/12n + An < 4. 


In the remainder of the proof n will be a fixed integer satisfying (8.13). For 
Aa positive number we denote by J) the set (Wiener quasi-interval) of all x(t) 
of C satisfying 


296 R. H. CAMERON AND W. T. MARTIN. 


(8. 14) —A< a(k/n) —a*(k/n) <A, for 

and let 
w v1 

(8. 15) = [1/(2A)*"] {n — [a(t) —a*(t) 
0 


For convenience in writing we abbreviate 


(8. 16) = vx. ==1,---,n), 


(8.17) = exp{—n[v.? + (ve —n)? +: 

+ — ve-2)? + — + (vn — J}, 
(8. 18) c = exp[— — Ick. 
On performing a justifiable interchange of order of integration in (8.15) and 
using the expression (2.4) for the Wiener integral we obtain 


(8.19) Ly — (a(t) —2* at 


k=1 (k-1)/neF 


—[1/(2a"1 
1 


*k/n 


(k-1)/n 7 


e -® e e 


nt — (k —1) 
(€—2*(t))?] 


n VW [nt—- (k—1) ][k—nt] 


k=1 (k-1)/ 
try 
-0o 
-(1/2d) dé, exp{— + : — &-2)" J} 
-exp{— — + + (én €n-1)?]} 
n(é— tes)? 


[exp — | 
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Now Q) contains an n-fold average over an n-dimensional cube of side 
24, and since the integrand is continuous, the limit of the average as A> 0 
is the value of the integrand at the center of the n-cube. Also the limit may 
be taken equally well before or after the ¢ and é integrations since the in- 
tegrand of the n-fold integral is in absolute value less than 


exp{-— €|— !—A]*} 


for sufficiently large | é|. Hence 


n 
(8.20) lim Q, = f 3, (t) 
k=1 (k-1)/n V (nt —k 1) nt ) 
where 
(8.21) =f dé[y— 
xp { — _ | 
nt k—nt J 
nt —k +1 k —- nt 


Now by (8.12) with a= b=, —a*(t), nt—k-+1, we 
see that 

— n[é—ayn(t) |? 
(nt —k +1)(k—nt) ’ 


exp 


(8. 22) exp[- — 


where the a,,,(¢) are defined in (8.6). On making the change of variable 


(8. 23) 


— ai n(t)) —¢ 


n 
and using (8.11) we have 
nt —k+1)(k—-nt 00 
(8.24) (t) = whe exp[— n(vm — ve-1)7] déexp(— €). 


t—k+1)(k—n! 
‘[n-- & — ] 


(nt —k + 1) (k—n?) 


n 


E —4 (nt —k + 1) (k nt) ] 


= exp[— n(n, — 


n 


We now return to (8.20) using (8.7), (8.18) and (8.24) to simplify it. 
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(8.25) lim Q) = (n, (nt —k )¢ nt) 
A>0 k=1 (k-1)/n 2n 

1 k +- 1)? (nt —k +1) Ae 

(n, = n one 3 (n/n) 

1 
== (n/n)" | (4— 4) | 


== (n/r)"/*c[y — 1/12n — A, 
Since n was originally chosen so that (8.13) holds, it follows that 


(8. 26) lim Q) > 0. 


Hence there exists a Ap > 0 such that 


(8. 27) Qn > 0; 

or 
w 1 

(8. 28) (x(t) —2*(t)}*dt]dua > 0. 
Tho 

But 

(8. 29) Kh, T*, + Ly: 

so that 


(8. 30) (x(t) —a*(t)}2dt]dya 
[c- So a(t) — — den. 


Now when 2(f) is in C — T*, the inequality 


holds so that the right member of (8. 30) is non-negative, and the left member 
is positive. Hence the Wiener measure of 7*, is positive, for if 7'*n were a 
null-set, J,,: 7'*n would also be a null set and the integral over it would be 
zero. This yields Lemma 8.1, and by the remarks made immediately fol- 
lowing the statement of Lemma 8.1 this also yields Lemma 2. 1. 
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ON THE ABSOLUTE CESARO SUMMABILITY OF NEGATIVE 
ORDER FOR A FOURIER SERIES AT A GIVEN POINT.* 


By Kien-Kwone CHEN. 


1. Introduction. We suppose throughout that f(t) is a periodic func- 
tion with period 27, integrable in the Lebesgue sense, and that 
(1.1) o> i, 


Fixing x we write y(?) for the conjugate of the function 3{f(«+ 7?) 
+ f(x«—t)} and set 

(1. 2) == max(4— 4k, 1/p—-k). 

The principal theorem in this paper is Theorem 3 which contains the following 


THEOREM 1. Suppose that pk > 1: and for a given point z, 


us 
(1.3) —-w(t—h) |p dt=O(h*),  (h>+0) 
then the Fourier series of f(t), at x, is summable | C,a|, when a> a. 
By means of Theorem 1, we generalize Zygmund’s theorem? concerning 
the absolute convergence for Fourier series as follows. 


THEOREM 2. Jf f(t) ts of bounded variation and belongs to Lip k, then 
the Fourier series of f(t) is summable |C,a|. when «a >—4k; and is 
summable (C,B). when 


It is well-known that if pk > 1 and p S 2, then the relation 
(1.4) | +h) —f(a—h) |? dx = O(h*) 


implies the absolute convergence of the Fourier series of f(¢).? This result is 
improved by 'Theorem 1, since in the present case 


Xo — 1/p—k 0. 
* Received February 4, 1943. 
*Zygmund [10]. 
? Hardy and Littlewood [2], Theorem 8. 


— nt) 
(n/n) 
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be 
ol- 
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Hyslop * proves that if f(¢) « Lip k, and 2k <1, then the Fourier series 
is summable | C,a|, when « > $—k. The same conclusion follows from the 
less stringent condition (1.4), provided that 

l/p< ksh. 
This result is due to Chow.* and is evidently included in Theorem 1. 

THEOREM 3. Suppose that for the point x, there is a number q such that 
(1.5) q+pk>1 
and that as h—>-+ 0, the condition 


(1.6) J +h) —w(t—A) |Pt-adt — O(he*) 


holds. Then the Fourier series of f(t), at t== a, is summable | C,a|, when 
% > %, and is summable (C,B), when B > —k. 

The last clause generalizes a known theorem* on (C,«) summability of 
Fourier series. 

Our main purpose, then, is to obtain criteria for the Cesaro summability 
of Fourier series ; but we also prove some theorems on power series. We prove, 
for example, that if the function 

oo 
(1.7) F(z) = > Cn2" (z = 
n=0 


is regular in the unit circle, and the relation 

(1. 8) | PD) (z) |? O((1—r)'), (r+1—0) 


holds for some positive integer j, then the series (1.7) is summable | C, < |, 
when « > %, at every point of the unit circle where the function is regular. 


This result is a corollary of the following 


THroreM 4. If F(z) = Senz"(z = is regular in the unit circle, 


and for a positive integer j, 


| (z) O((1— (r—>1 — 0) 


(1.9) 


then the series Sc, is summable |C,a|, whenever «>% and 0Sq=1, 


p>1,0<k<1,q+pk>1. 
This theorem, for the special case 7 = 1, g = 0 and 


* Hyslop [7], Theorem 1. 
“Chow [1], Theorem 3. 
® Hardy and Littlewood [2], Theorem 7. 


‘les 


the 


hat 
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of 
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(1. 10) l/jp<kssh, 


is due to Chow.® !t should be observed that the sufficient condition 7 


(1. 11) G(r, t) ) 
(pk 


for the summability | C,a |, «@ > a, of the series Sc,e"#? — F(e) implies the 
existence of a number g which satisfies (1.5) and 


A derivation of this result is given in 4. 


2. A lemma concerning conjugate functions. 


LemMaA 1. Let u(@) be an even function integrable in (0, x), and periodic 
with period 2x; then the conjugate function 


, sin 6 
(2. 1) v(6) = (1/r) u(p)d¢ 


e 


satisfies the relation 
(2.2) < K(p, q) f u(8) 
«70 6 


provided that p>1, —p<q--l<p, 


This theorem is substantially known.$ We give here a proof, for the sake 
ot completeness. 
Without loss of generality, we may assume that u(@) vanishes in the 
interval — 6,7). where 
<8<z. 
In fact, let 
=u,(6) + u2(6), 
u, (0) = u(@) 
u,(0) =90 (rx —8< 057), 


end let the conjugate of u;(@) be denoted by vj (6) which is given by a formula 
like (2.1). Then 
®Chow [1], Theorem 1. 


7 Chow [1], Theorem 2. 
* Hardy and Littlewood [3], Theorem 11. 


lar. 
cle, 
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| | v2 (8) dO | sin | ” 


0 64 64 -§ COS d — COS 6 
/2 
= 7? | -+- cos 8)? J 6-40 f | — t) |?dt. 
0 0 0 
This is less than a constant multiple of f | w2 |?d0, by Riesz’s inequality. Hence 
(2.3) J | v2(6) < K(p. q) f | (8) 
0 0 


and (2.2) follows from (2.3) and 


Cf |v <3 
e 1 e 
provided that 
°T 
f = K (p,q) | (8) 
70 0 


Let 
sin 6 
7 Ja j 
Jo cos d— cosé 
be the conjugate of the even function 
U(0) = u(0)tg* (0/2) (0<@0< 7) 


where 8B = — (q/p); then, by Riesz’s theorem, 
mus 
0 “0 7 0 
Writing w(@) = v(6@)tg8(0/2) —V(6), we have, by Riesz’s theorem, 
(2. 5) | (0) = | v(0) sec? (0/2) + x? | 
0 70 


The integral 


«70 
is not greater than the sum 
K(p, a(f | w (8) sec?(0/2)d0-+ f | V (8) |” sec?(6/2)d0). 
0 9 
It is therefore, by (2.4) and (2.5), sufficient to prove that 


°T 
(2. 6) (0) |? sec (0/2}d0 = K | sec (4/2) 
0 
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Writing 


&é=—tg(0/2), »=—$/2, H=H(éy) = 
(n° — &) 
lt. then 
sin 6 é 
cos — cos 0 sec’ 
and 


0 


Hence we have 
| w (8) |? sec? (8/2) a0 
0 
oy 
= J w(6)|?-* sec? (8/2) | (1/r) f HU sec?(/2)d¢ |, 
0 
T 
70 


U(o)| [A+ &) (1+ 97) | 


where 1/p + 1/p’=1. Holder’s inequality gives 
°T 
(2.7) | w() |? sec? (8/2)d0 S (1/m) 
e 0 


Putting »/é = t, we find that 


(é nv | HL | 2 f 
0 0 t? —] | 


is convergent, since >< q—1< p: and that 
5 


| H | sec?(/2)d0 = C. 
0 
Hence 


I,=C w()|? sec?(0/2)d@ and f | |? sec? (6/2) 
7 o 


This, combined with (2.7), establishes (2. 6) : 


f |? sec? (6/2)d0 = C? | |? see? (6/2) 


Lemma 1 is thus proved. 


6. 
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3. Lemmas concerning power series. 

LEMMA 2. Suppose that q = 0, that the odd function y(t) is the imagi- 
nary part of the boundary function 

(6) = F(e) = + y(t), 
where F(z) is regular in the unit circle. Then (1.6) with (1.1) implies 
(3.1) | |? | = O( (1 — 

as r—>1—0, where F'))(z) denotes the j-th derivative of F(z). 

The condition (1.6), with g= 0, implies y(t) « L°9(0,7).° It follows 
from Riesz’s inequality that «L7(0,7r). Hence g(@) belongs to L?(— 7,7). 
Then,” if 0< r< 1, 


(22/j!) FY (rei®) rei) 1+) J. (e#—r)™ ? 
Hence 
eit 
and 


dt 6 t)-—q(@—t 


Evidently, we may assume that F(0) —0. The even function y(6 + ¢) 
— y(@—t) of @ is the real part of 


—1(g(@+ t) —g(@—t)). 
The conjugate ¢(@—t) —¢(6-+ ft) satisfies, by Lemma 1, the relation 
Accordingly we have 
(3. 2) ("| a(6-+1) —g(@—t)|? | 6 |-7d0 = O(| 


It follows that 


® Hardy and Littlewood [4]. 
19°F, and M. Riesz [9] 


WS 
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This completes the proof. 


From the above argument, we can state the following proposition: 


LemMa 3. Jf ¢2=0, F(z) = cen2" is regular in |z| <1, and the 
boundary function 
(3. 3) g(6) == 
satisfies the relation (3.2) with (1.1), then (3.1) is true. 

If g = 0, the converse of Lemma 3 is valid: 


4. If p>1,0<k <1, F(z) is regular in the unit 


circle and, for some j, 


(3. 4) | (z) |p dd = O( (1 — 
as r—> 1—0, then the boundary function (3.3) satisfies the relation 


If j > 1, then, writing w = pe‘’, we have 


0 


= ( | FY (w) + (0)|2 dp 


O( — p)*-idp ) 


O 


The proposition is thus reduced to the case 7 = 1, which is a known theorem.”* 


Lemma 5. Jf the function 


F(z) == > (z = re‘®) 


n=0 


is regular in the unit circle, and the relation 


| FY (2) |? do kp-ip 

|1—z |¢ = O((1—r)*/?), (r>1—0) 
holds for some j, then it is true for every j, where p>1,0<k< 1,05 9 
= 1—k, and j=—1,2,:-:. 


“Hardy and Littlewood [2], Theorem 3. 


10 
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In fact, letting 7 > 1, w = pe‘’, we have 


| PU-1) |p do 
) (FD) (w) + (0) ) dy 


( | FO (w) do 
= 


On the other hand, writing z == rei”, w = Vre'#, we have 
PU) (2) — L (wei?) 


Observing that 


1— we’ | | 


we obtain 


| = =2 E 


q | FS) (we'?) |d 


1 — we 
| wee ji 
e/ 


|w—r |? 


|}w—r 


= 0O((1—r)* >). 
This establishes the lemma. 


4, Summability of power series. We write («))—1, (—1), =—0 for 
n> 0, 
A) 


+- 
(2)n= T(a+1)’ 


and 


n ; 1 
(a) n on? = (2) n-vCv. (on% o7n-1) (a - —] yn v 
(a) n 


y=0 
where « >—1. ‘The series Sc, is summable | C, a | if Sn-17,°% converges 
absolutely. 
Proof of Theorem 4. We have 
(a) 2F’(z) (1 —z)*. 
Hence 


(4.1) f (z — w)*(d/dw) (wF’(w) (1 — dw 
=/,+1,+ 


4 


| i—s 4 | 


0) ) dy 


’ it is enough to prove the theorem for 
p19) 


pete 


for 


rges 
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where 2 = re’, w= pe”, OS pSr<1: and 


I, = (2 w)*(1 — w) (w) du, 


70 


I, = f (z— w)*w(1— w)*F’ (w) du, 
0 


I; = (z w) (1 — (w) dw. 
7 0 


For the proof of the theorem we can assume that p= 2. In fact, if 
» > 2, taking y greater than 1— 2k and less than ‘(p+ 2q —2)/p. then 
£7 


Hélder’s inequality gives 


| FY (2) d@ (p-2)/2p | FS) (z) 1/p 


This is equal to O((1—r)*!), since >— 1. Accordingly, 


l/jp—k<a<q/p, 


by a. theorem of Kogbetliantz.’* Hence 


1 
( | I, |? = ( dé | (z—w)*w(1 — w)* F’ (w) dw |?)1/? 


| F’ (w) |? dé \1/p 
= (7 p) (| | ) dp 


by Lemma 5. Observing that 2 + 1 > 0, integration by parts gives 


part 


+ x i 1 + ( —— ap. 
It follows that 


for j= 2. (4.2) is also true for j = 1, since the above argument is applicable 
to/,. Further, observing that 


(1—w)-** = 0((1—p)*|1—w 


12 Kogbetliantz [8]. 
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we have 
(f | Zs |? — (1 — ). 
-T 0 


Hence (4.2) is true for 73. From (4.1) and (4.2), we obtain 


Tr 
(4. 3) = ( f | d6)?/? = O( (1 — r)****). 
-T 
The expression »(p) is a non-decreasing function of p. Hence 


w(min(p, 2)) = O((1—r)**), 
Write 
min (p, 2) 


P= — 
min(p,2)—1 ’ 


then Hausdorff’s inequality gives 
Hence 


n 
1 


on taking r—1—-1/n. This implies the absolute convergence of the series 
xn-*7,%. Theorem 4 is thus proved. 

CorotuaRy. If p>1,0< kpS1, a> a, and F(z) = 
then (1.11) implies the summability | C,«| of Scnen*’. 

For the proof, we may suppose that Let 1— pk <q <1, and 
write H = V (1—1r)* + then 


= 0((1—r)~), = O(1), 
as r—>1—0. It follows that 
= + O(G(r, 1 —r) = O((1— r) 


2 T 
The same argument applies to | |? H-4 dg. Hence 


F’(z) |? H-4d¢ = O( (1 — r)”*). 


This implies (1.9), and the conclusion follows from Theorem 4. 


ries 


n 


ind 
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THEOREM 5. If »>1, O<k <1, «>a, and the function F(z) 
= 36,2" (z= re’) satisfies the relation 


(4. 4) ("| do 0((1 —r) in) 


for some j > 0, as r—>1—0, then the series Xcn,e""’ is summable | C,a| at 


every point et” of the unit circle where the function F(z) is regular. 

In view of Theorem 4, we have only to prove the theorem for the case 
pk = 1. 

We may without loss of generality take the point in question to be z= 1. 


Then 1 is a zero of the derivative of the function 
G(z) = cy) + — F’(1))z +: -=F(z) —F’(1)z. 


It follows that G’(z) = O(|1—z|), as z—>1, and 


O((1—r)*?), 


(" | G’ (z) |p dé 
by (4.4) and Lemma 5. Thus, by Theorem 4, the series co + (¢,-— F’(1)) 
+¢c.+--- is summable | C,a!. with «>a. This completes the proof of 


Theorem 5. 


5. Proof of Theorem 3. Let ¥4A,(¢) be the Fourier series of f(t), and 
write z == re‘?, 
== F(z), 
then the odd function y(t) is the imaginary part of the boundary function 
of F(z). In virtue of Lemma 2, (3.1) holds true. A fortiori, (1.9) is true. 
It follows from Theorem 4 that 3A,,(x) is summable | C, a |, whenever a > @p. 


To complete the proof of the theorem, we require the following lemmas. 


Lemma 6. Jf the series 3A, is summable (C) and 


where p >1, then SA, is summable (C,1/p—1-+ 8) for every positive 6. 
This is a: known theorem.‘ 
Lemma 7. Jf «2 >—1, B>—1, 2+ 8 >—1, and the series 
with 


1° Hardy and Littlewood [2], Lemma 4. 


> | vAv |? = O(n) 
p=1 
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tn? = (1/(a)n) (@—1)) nwAv 
1 


ws summable (C,B), then the series SA, is summable (C,a+ B). 
This is known as Hausdorff’s theorem. 


In the equation (4.1), let us set « = 1/p—k and 


= (1/(a)n) > (a—1)n-wAy(z) ; 


then from the proof of Theorem 4, we have (4.3), i.e. 


If p = 2, then by Hausdorff’s inequality, 
co 
> | O(1/(1—1r)). 
1 


Taking r = 1 — 1/n, we obtain 
= 
| |P (p-1) __ O(n). 


The series Sn-7,°% then satisfies the conditions of Lemma 6, and so it is 
summable (C’, (p-—1)/p—1-+ 8) for 8>0. Therefore the series 3A, (z), 
by Lemma 7, is summable (C, 8), where 


B= ((8B—1)/p—1+8) + (1/p—k) =8—k. 
If p > 2, take a number 7 such that 
1— 2k <n < (p+ 2qg—2)/p; 


then by Hélder’s inequality, 
fo h) |? t-rdt 
0 


0 J) 

where 


p—2 p—z 


14 Hausdorff [6]. 


n 
e 


it is 


(2), 


2/p 
’ 


ABSOLUTE CESARO SUMMABILITY OF NEGATIVE ORDER. 
It follows from (1. 6) that 
“| v(t-+h) —y(é—h) |? (0), 
with 7+ 2k >1. This completes the proof. 


6. An extension of a theorem of Zygmund. We are now in a position 
to prove Theorem 2, but our method of proof leads us to establish the more 
general result which follows. 


THEOREM 6. Let f(0) S2S po, kj S1, and 
(6.1) 1S min(kyp,, kop.) < max(kipr, kepe). 


If (1.4) holds for p=pj, k=k; (7 =1,2), then 3An(0) is summable 
|C,a |, when 


(6.2) a> 4—rk, 
and 1s summable (C, 8B), when 

(6. 3) B K, 
where 


2(pz— pr) 


We have x > 4, by (6.1). If =k; or poo and —1, 
then we obtain theorems including Hardy-Littlewood’s extensions’? of 
Zygmund’s theorem of absolute convergence of Fourier series. Let p, = ki =1 
and po—> co; then Theorem 6 is reduced to Theorem 2, since any function 
f(6) of bounded variation is characterized by (1.4) with p=k—1. 

Writing A= | f(@-+h) —f(6—h)|, we have 


(6. 4) = (f APid  ) (P2-2)/(Po-Pr) ( AP2d@ 
From the condition (1.4) with p= pj, k =k;, and (6.4), we obtain 


(6.5) | h) -—f(8@—h) |? dd = O(h2*). 

This is, after Hardy and Littlewood, the convexity property of the relation 
(1.4). The required results are immediate consequences of Theorem 3, 


since 2x > 1. 


NATIONAL UNIVERSITY OF CHEKIANG, 
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16 Hardy and Littlewood [5]. 
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EULER TRANSFORMATIONS.* 


By RatpH PALMER AGNEW. 


1. Introduction. A series u,+u,+---, and its sequence 89, 
of partial sums, are said to be summable to o by the Euler transformation 
(or method of summability) #(r) of order r, 7 being a complex constant, if 
> o as N—> where 


E(r) on =on(r) => 


k=0 

The statement that the sequence o, is the H(r) transform of the sequence sy 
will be abbreviated in the form on = E(r)s,. It is well known that the family 
of Euler methods #(r) for which r is real and 0 < r < 1 is a consistent family © 
of regular methods of summability; the theory of this family has been well 
developed. It is the object of this paper to establish fundamental properties 
of methods H(7) for the general case in which r is complex. 

The transformation H(r) has, for each fixed r, the form 


n 
(1.1) On = Dd AnkSk 
k=0 
where 


(1. 2) ox —(7') rit —r)n*, 


We observe that 


(1.3) (n = 0,1,2,- °°), 


k=0 
and that this sequence is bounded if and only if O0SrS1. By the well 
known Silverman-Toeplitz Theorem, (1.1) is regular (such that the existence 
of lim s, implies lim o, = lim sp) if and only if 


(1. 41) S| an | <M (n = 0,1, 2,- 


k=0 
(1. 42) lim ang = 0 (k= 0,1,2,° °°), 


n->0O 


(1. 43) lim = 


k=0 


* Received October 21, 1942; Presented to the American Mathematical Society, 
December 28, 1942. 
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M being a constant independent of n. Using these conditions, it is easy to 
establish the known result ' that E(r) is regular if and only if r is real and 
0<r=1. The transformation £(1) is the identity. The transformation 
#(0) is a trivial non-regular transformation which transforms the sequence 
So, 81, 82," into the sequence So, So, ; this transformation plays no 
interesting role in our work and henceforth we assume that all numbers p, q, r 
which represent orders of Euler transformations are different from 0. 

Corresponding to each pair p and g of complex constants, the /(p) trans- 
form of the E(q) transform of a sequence s, is on where 


n n m 
ae 5) on = > ( > (7) 


m=0 


m=k \ — 


k=0 
nk — k 
2 (pq)* (p—pq)™(1 — p)n*ms, 
k=o m 
> 


Thus the product transformation H(p)H#(q) is identical with the transforma- 
tion E (pq) ; that is, 
(1. 6) E(p)H(q) = (pq). 


2 


It follows that H(p) and E(q) commute.’ Setting g = gives E(p)£(p") 
= (1). Thus the inverse L-'(p) of E(p) is that is 


(1. 9) E*(p) = E(p™). 


1See Knopp [8], p. 246 and Hurwitz [6], p. 22. The parameter r of the present 
paper is the reciprocal of that of Hurwitz. 

*The whole family of transformations E(r) belongs to the class of transforma f 
tions, studied by Hurwitz and Silverman [7] and by Hausdorff [5], which commute 
with the arithmetic mean transformation and with each other. For each complex rf, f 
E(r) has the Hurwitz-Silverman form 

n n 
( ) k ) j—k (J) } 8, 
where A(j) =r’. It is only when r is real and 0<r=1 that E(r) can be writte§ 
in the regular Hausdorff form 


n k n-k 
(1.8) = (1—t)™*s,dx(t), 
0 k=0 
and in this case x(t) = 0 or 1 according as t <rort>r. When 0 < rl, the func 


tion \ of the Hurwitz-Silverman formula is the moment function A(z) = f t*dx (t) & 
J0 


of the mass function x of the Hausdorff formula. For relations among regular Hurwitz 
Silverman-Hausdorff methods, see Garabedian, Hille, and Wall [4]. 
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A transformation A, is said to include a transformation A,, and one 
writes A, A,, if each sequence summable A, is also summable A». the two 
values being equal. By a well known criterion for inclusion, E(p) > EF (q) if, 
and only if, H(p)/-'(q) is regular. Since E(p)E(q) = E(p/q), it follows 
that E(p) © if and only if a real number 6 exists such that0 << 
and p= 6q. ‘Thus an inclusion relation subsists between two transformations 
E(p) and £(q) if and only if the complex numbers p and q representing the 
orders lie on the same half-line radiating from the origin in the complex 
plane. The transformation represented by the point nearer the origin is the 
stronger of the two. 

We note, in particular, that if r >1, then #(r) C F(1); this means 
that if r > 1, then each series or sequence summable (7) must be convergent. 
Some such methods of summability have been studied extensively, notably the 
Cesaro methods (, of orders r for which —1 < Rr < 0. 


2 A necessary condition for summability E(r). If r0 and a 
sequence s; is summable H(r), then the transform o, must be bounded, say 
|on| SM, (n=0,1,2,- - -), and therefore 


Sn | = | = (1/r)*(1 — 1/r)**o; | 


(2. 1) 


| M(| 1/r | +] 1—1/r |). 


It follows from this necessary condition for H(r) summability that if the 
sequence s, is summable E(r), then the power series Ss;,z* must have radius 
of convergence at least (| + | 

If a series -+ +--+ has partial sums - so that, when s-_, is 
defined to be 0, 


Un = Sn — Sn-1 (n = 0,1, 2,-- -), 


and if | s, |< /,R" where M, and R are positive constants, then the crude 
estimate 
| ue | S| se | +] | SMR" + 


shows that | M.R" where =M,(1+ This fact and the in- 
equality (2.1) show that if Su, is summable E(r), then 


(2. 2) | |S |)" 


and the radius of convergence of Su,z" is at least (|r| +]1—r?])-7. 


\ 
— 
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3. Summability of the sequence 2*. It is possible to draw conclusions 
concerning H(r), for complex as well as real values of r, by considering 
summability of the sequence z*. For each r, the H(r) transform o,(r,z) of 
the sequence 2 is 


(3.1) on(r, 2) = (1—r+rz)". 


If z= 1, the sequence z* is summable H#(r) to 1 for each r. If 21, then 
the sequence is summable Z(r) if and only if |1—r-+rz| <1, that is 


(3. 2) |z—(1—1/r)| <1/|r|. 


It follows that, when r=40 is fixed, the set of values of z for which the 
sequence z* is summable £, consists of the point z = 1 and the interior of the 
circle C(r) with center at the point (1— 1) and radius |r |-*. This circle 
C(r) passes through the point z= 1. In particular, the interior of the circle 
|z—2|< 1, where the sequence z* is summable #(—1) to 0, contains no 
points in common with the interior of the unit circle | z| <1 where the 
sequence converges to 0. The circle | z-—14/15| < 1/15 in which 2z* is 
summable /7(15) to 0 is a small subset of the circle of convergence; and the 
circle | z+ 14| < 15 in which the sequence is summable (1/15) to 0 in- 
cludes and is larger than the circle of convergence. 

It is well known (Hurwitz [6]) that the Borel exponential method B 
includes E(r) when 0<rS1. Hence also BO E(r) whenr>0. If r is 
a complex number not both real and = 0, then the center of the circle C(r) 
in which z* is summable /(r) to 0 does not lie on the segment x < 1 of the 
real axis and accordingly z* must be summable /'(r) to 0 for some z for which 
0z>1. Since z* is not summable B when &z > 1, this implies that B does 
not include H(r). Thus we obtain the following theorem: 


THEOREM 3.3. The Borel exponential method B includes E(r) if and 


only if r is real and positive. 


It is known (Morse [10], p. 281) that the LeRoy method LR includes 
E(r) when 0 <r 1 and hence that LR #H(r) whenr>0. Let &Rr< 0. 
Then the center of the circle C(r) has real part greater than 1. This implies the 
existence of a real number 2) > 1 such that 2)" is summable H(r). It follows 
that if @r < 0, then neither the LeRoy method nor any other totally regular 
method of summability can include Z(r). The question whether LR ~ E(r) 
when &r= 0 and r is not real is Jeft open; the method of Morse [10] does 


not apply to this case. 
The following theorem shows that, except for those values of r for which 


ons 
ing 


of 


hen 
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each sequence summable #(r) must be convergent, there is no inclusion rela- 
tion between (7) and a regular Cesaro method C(q). 


THEOREM 3.4. Jf r and q are complex numbers for which r is not both 
real and = 1 while Rg > 0, then neither of the methods of summability E(r) 
and C(q) includes the other. 


Under the hypotheses on 1, the series 32” and the sequence (1—2z"*?) /(1—z) 
of partial sums are summable E(r) for some values of z outside the circle of 
convergence. Using the well known fact that Cesaro methods are ineffective 
outside circles of convergence, we see that C(q) does not include H(r). If 
&q > 0 and ¢ is not in the real interval OS r=1, then C(q) evaluates all 
convergent sequences whereas £(r) does not; hence in this case H(r) does not 
include C(q). Obviously #(0) does not include C(q). It was shown by 
Knopp [8], pp. 251-253, that the sequence 


(3. 41) 0, 1,1, 1,0,0,0,0,0,1,:-- 


in which the successive groups of 0’s and 1’s contain respectively 1, 3, 5, 7,- 
elements, is summable C(1) to $ and is nonsummable E(p) when p = 2", 
2*,2-,- - -. Since (see, for example, Kogbetliantz [9], p. 24) a bounded 
sequence summable C(1) is summable C(q) when &q> 0, it follows that 
(3.41) is summable C(q). If 0<r< 1, then a positive integral exponent 7 
can be chosen such that 2-/ < rand E (2-4) ~ E(r), and it follows that (3.41) 
cannot be summable Therefore, if Rg >0 and 0<r<1, E(r) can- 
not include C(q). This proves Theorem 3. 4. 


4. Omission and adjunction of elements. A transformation A is said 
to permit omission of elements if summability of 80, implies 
summability of the sequence s;,s.,- - + to the same value. Let on(1r) denote, 
as above, the #(r) transform of So, s;, - ; and let t,(r) denote the H(r) 
transform of s,,S5,s.,: °°. It is easy to show, by simplifying the right 
member, that 


(4.1) tmr(r) = (1—r")on(r) + rons (7). 
Hence obviously o,(r) —o implies t,(r) >o. This gives 


THEoreM 4.2. Jf r is a complex number not 0, then E(r) permits 


omission of elements. 
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This result was obtained by Knopp [8], p. 233, for the case r= 1/2 and 
by Silverman [13], p. 382, for the case 0 << r £51. 

‘ A transformation A is said to permit adjunction of elements if summa- 
bility of a sequence 5», s,, S2,- - - to o implies that, for each complex constant c, 
the sequence ¢, So, 2," is also summable to It was proved by Knopp, 
[8], pp. 234-235, that #(1/2) permits adjunction of elements. 


THEOREM 4.3. The transformalion E(r) permits adjunction of elements 
if and only if |r—1| <1. 


Suppose first that #(7) permits adjunction of elements. Then, since the 
sequence 0,0,0,-- - is summable to 0, the sequence 1,0,0,- - must 
also be summable #(17) to 0. This implies that (1—7r)"—0 as n— o and 
hence that |r—1]|< 1. Suppose now that |r—1]|<1. Let on(r) and 


¢n(r) denote respectively the transforms of the sequence spo, and 
@, So, 81," *. Then, with the aid of the fact that H-!(r) = we obtain 


u(r) = (") 


p=1 
On +- ( ) —- 
= 1 
4, 4 + 
=0 0 


where > 0 asn— oo. Since* 


n-1 
4.5 > (—1)?* 1 Skin— 
(4. 5) 2 ( 1) 0=k=n—1, 


it follows that = 0, + where 


n-1 


(4.6) Un(r) = r(1 — r)"**ox 


The hypothesis that | r-— 1| < 1 implies that (4.6) is a regular transforma- 
tion, from ox(r) to Ya(r), of the form (1.1). Hence on(r) ~o implies 


* Change of order of summation in the left memper leads to the identity 


n-1 n-1 p P n-1 


k=0 p=k 


and (4.5) follows. 
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> o and ¢n(r) This completes the proof of Theorem 4.3. The 
condition |*—1!< 1 is in fact necessary and sufficient for regularity of 
(4.6). It follows easily that H(1r) permits adjunction of the element 0 if 
avd only if |r—1| <1. 


5. Inclusion of E(r) by the generalized Abel method. A series Sun 
with partial sums s, is said to be summable, by the Abel power series method P, 
w|<1 and lim (1— w)3s,w" = L. 


w-1- 


The following generalization of this method is due to Silverman and Tamarkin 


to L if (1— w)3s,,w” converges when 


[14]. Let the series and sequence be called summable P* to Z if (1—w) Ssnw" 
converges when | w' | is sufficiently small and generates, by analytic extension 
along radial lines from the origin, a function p(w), analytic over 0 = w <1, 
such that lim p(w) JL. It was stated, without proof, by Silverman and 


w-l- 


Tamarkin [14] that P* E(r) when 0 r=1. 


THEOREM 5.1. The generalized Abel method P* includes E(r) tf and 
if Rr > 0. 

The relation P* D (7) obviously fails when r = 0. Let Rr <0. Then 
the center (1—/7') of the circle C(r), in which the sequence z* is summable 
E(r), has real part greater than 1. This implies the existence of a real 
number z) > 1 such that zo" is summable H(r). The function p(w) involved 
in the definition of ?* summability is in this case 


p(w) = (1—w) = (1 — w)/(1— zw), |w| 1/2 
k-0 


or 

— 


and it is clear that analytic extension along radial lines from the origin does 
not furnish a function p(w) analytic over 0=w< 1. Hence the sequence 
"is not summable P* and accordingly P* does not include £(r). 

Suppose now that Rr 0, 0. Since has an inverse, each con- 
vergent sequence o; is the E (7) transform of some sequence s,; let such a pair 
of sequences be fixed. Choosing 8 > 0 such that the series involved all con- 
verge absolutely when | w | < 8, we obtain when | w| <8 and w¥1 


xX ac n 
(l1—w) = = (7) (1/r)*(1 — 1/r)"*o;, 


n=0 n=0 k=0 
(5. 3) > (1/r)*o;, > (1—1/r)” wn 
k=0 n=k 


oc 
= > (" (w—w/r)". 
) n=0 
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Using the binomial formula for (1— 2x)~*-', we obtain 


(5. 4) p(w) — 

where 

(5. 41) r(l—w) +w 


In case Rr > 0, sav Rr—-2z > 0, we find that when 0< w <1 


ys 
ax(w)| a(1—w) +wle(l1—w) + =§ 


and hence 
oC 

(5. 42) D> | ax(w)| S| < 1, 
k=0 


Moreover, in this case, 


ke @) 
(5. 43) > a.(w) = 1, 
k=0 
and 
(5. 44) lim ay (w) = 0, 0,1,2,-- -). 


Since the sequence ox is convergent and hence bounded, it is now easy to. show 


that the series in (5.4) converges in some open plane set including the seg- f 


rent 0 = w <1 and that (5.4) furnishes the requisite function p(w) such 


that lim p(w) = limo»; in completing the argument, we use the fact * that 


the three conditions (5.42), (5.43), and (5.44) ensure regularity of the 


transformation (5.4). Thus P* > F(r) when &r> 0. In case Rr = 0 but § 


r=40, say r==1y where y is real and y +0, then 


(5. 52) ae (w)| 
and 
(5. 53) lim >| a,(w)| oc. 
w-1- k=0 


‘For an exposition of, and references to, the subject see Hurwitz [6]. 
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In this case, (5.4) furnishes the function p(w) analytic over 0S w < 1; but 
(5.53) shows that (5.4) is not regular. Therefore, when &r = 0 but r0, 
does not imply p(w) and accordingly P* does not include 
E(r). This completes the proof of Theorem 5. 1. 

If and Rg > —1, then the Euler method H(r) and the Cesaro 
method C(q) are consistent since, by Theorem 5.1 and the well known fact 
that the ordinary Abel power series P includes Cg when &q >—1, the 
generalized Abel method P* includes both methods. 


6. Consistency of the transformations E(r). A family of transforma- 
tions is said to be consistent if no sequence is summable to different values by 
different transformations of the family. The main result of this section is set 
forth in the following theorem. 


THEOREM 6.1. The family of transformations E(r) for which r 0 ts 


consistent, 


It is a consequence of this theorem that one can define a parameterless 
method # of summability as follows: A sequence s, is summable £ to o if a 


} complex number r= 0 exists such that s, is summable E(r) to o. 


Consistency of the subfamily of transformations #(r) for which ir > 0 


' is easily shown by use of Theorem 5.1. If p, and g, have positive real parts, 


and s, is summable H(p,) to L(p,) and 2(q,) to L(q,), then s, is summable 
P* to (p,) since P* FE (p,) and is summable P* to L(q,) since P* E(q,). 
Therefore L(p,) — L(q,) and consistency of E(p,) and E(q;) is established 


| for the case in which Rp, > 0, Raq, > 0. 


Let p and g be complex numbers not 0. The transformations E(p) and 
E(q) are consistent if and only if the hypotheses x, = E(p)sn, Yn = E(q) Sn, 
and y,— y imply that Since = E(p") and E(q)E*(p) 
=T(q/p), the hypotheses hold for some sequence s, if and only if 
Yn = E(q/p) > and yn—>y. Thus E(p) and are consistent if, 
and only if, the hypotheses yn = (q/p)%n, tn —> x and y imply y, 
that is, if, and only if, E(qg/p) is consistent with convergence. Likewise, if 
ais a constant not 0, then H(ap) and FE (aq) are consistent if, and only if, 
E(q/p) is consistent with convergence and hence if, and only if, E(p) and 
are consistent. 

Suppose now that p and q are such that q¢/p is not both real and negative ; 
this means that p and q are interior points of a half-plane whose edge is a 
line through the origin. It is then possible to choose a number @ of the form 


11 
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e*#, where ¢ is real, such that the points p,;==ap and q,== aq have positive 
real parts. It then follows that (ap) and E(aq) are consistent and hence 
that E(p) and #(q) are consistent. 

It remains for us to prove the following lemma. 


6.2. If p/q is real and negative, then E(p) and EF (q) are 
consistent.® 


Our proof of Lemma 6.2 gives, without added complication, a proof of 
the following theorem. 


THEOREM 6.3. Jf p/q is real and negative, then each sequence x, for 
which the E(p) and E(q) transforms are both bounded must be a constant 
sequence, that is, a sequence in which each element is equal to the first element. 


That Theorem 6.3 implies Lemma 6.2 is a consequence of the fact that 
if Z, is summable H'(p) and F(q) then the and #(q) transforms must 
be bounded, and the fact that a constant sequence is summable to the value of 
its elements by each transformation H(1r). It is a consequence of Theorem 
6.3 that if p/q is real and negative, then the constant sequences constitute 
the intersections of the convergence fields H(p) and E(q). Our proof of 
Theorem 6. 3 is accomplished by proving two lemmas which justify application 
of a theorem on entire functions due to S. Bernstein [2]. 


Lemma 6.4. Let r be a complex number not 0, let sn be a sequence of 
complex numbers, and let dy, and on denote, respectively, the sequence of dif- 
ferences and the E(r) transform of s» so that 


(6. 41) (—1)*(T) 
k=0 k 
6. 42 o, = n gk (1 n-kg,, 
) 
k=0 k 


If the transform on is bounded, then there exists a function f(t) analytic at 
least in the half plane ®(t/r) <4 and such that 


(6. 43) f(t) =D dat 


n=0 


®It is possible to use properties of H(r) to show that Lemma 6.2 will follow if 
it is shown that H(— 1) and H(1) are consistent. The author is indebted to Professor 
W. A. Hurwitz who worked with him to settle the crucial question whether H(— 1) 
and #(1) are consistent. The proof of this lemma and the following theorem is largely 
due to Hurwitz. 
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at least in the circle | t/r| <4. Moreover the series in the right member 
of the equality 

(6. 44) g(t) => (dn/n!)t 

n=0 


converges for all values of t and the entire function g(t) which it defines is 
bounded over the set of values of t for which t,’/r is real and less than or 


equal to 0. 
Using (6.41) and (6.42), we find that 


dn = > (1/r)*(1— 1/r) 


6.45) = (4) amd 


k-0 


From (6.45) we obtain, when | on |< M 


Ok. 


(6. 46) |S (Mr ly =m 


k=0 
This shows that the series in (6.43) converges at least when | t/r| < $ and 
that the series in (6.44) converges for all ¢. When | t/r| < 4, absolute con- 


vergence of all of the series involved justifies the computation 


(6. 47) f(t) = d, (— 


n=0 n=0 


x 


a 


k=0 


Since o, is bounded, the last member of (6.47) is, as a function of t, analytic 


over the set of values of ¢ for which 


|t/r|<|1—t 


that is, the set of values of ¢ for which @&(t/r) <4. This establishes the 
properties of f(¢). For all values of ¢, use of (6.44) and (6.45) gives 
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3 1 
(—1)*¥  (t/r)* _ & (—t/r)* 
k! (n —— 2 — Oke 


It follows that if | o, | <= M and if ¢t/r is real and less than or equal to zero, 
then 

k 
(6. 49) lg(t)| < 


k 
This completes the proof of Lemma 6. 4. 


Lemma 6.5. Let p and q be complex numbers for which q/p is real and 


negative. Let t, be a sequence having bounded E(p) and E(q) transforms, 


and let d, be the sequence (6.41) of differences of the sequence tp. Then the 
functions f(t) and g(t) defined by 


(6. 51) f(t) =Sdat, g(t) 


n= n=0 


are entire functions, and g(t) is bounded over the set of values of t for which 
t/p is real. 


Applications of the first part of Lemma 6.4 with r= p and with r=q 
show that f(t) is analytic over the half planes H, and //, of values of ¢ for 
which ® (t/p) < 4 and ® (t/q) <4. Since p/q is real and negative, the 
union of H, and /Z, covers the complex plane. Hence f(¢) is an entire func- 
tion, and the first series in (6.51) must converge for all ¢. Applications of 
the second part of Lemma 6.4 with r= p and with r= q show that g(t) is 
bounded over the half lines 1, and 1, of values of ¢ for which t/p=0 and 
t/q¢ = 0. Since ¢/p is real and negative, the half lines J, and 1, constitute the 
line of values of ¢ for which ¢/p is real. Therefore g(t) is bounded on this 
line, and Lemma 6. 5 is proved. 

We are now in a position to use the following lemma.° 


LemMa 6.6. Jf p and M are positive constants, if the sequence 
(6. 61) Mp, * 


is bounded, and if the function g(z) defined by 


° This result of 8. Bernstein [2] is stated and proved by Pélya- Szegis {11], vol. 2, 
p. 35 and pp. 218-219. 


| 


| 
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(6. 62) F(z) 


n=0 


isan entire function such that 
(6. 63) 

for all real values of z, then 
(6. 64) 

for all real values of 2. 


To apply this lemma to prove Theorem 6.3, let a, = p"d, and z= t/p. 
Then, with the notation of Lemmas 6.5 and 6.6, F(z) = g(t) and z is real 
when t/p is real. Since f(t) is an entire function, the sequence p"dnp™ 
(= dnp) is bounded for each p > 0. Moreover | F(z)| S M for each real z. 
Hence, by Lemma 6.6, | F’(z)| S pM when p> 0 and z is real. Therefore 
F’(z) =0 when z is real. Since F’(z) is an entire function, it follows that 
F’(z) =0 for all z and that F(z) is a constant. Therefore a, and d, must 
be 0 when n > 0. Since solving the equations (6.41) for s, gives 


(— di, 


it follows that s, — d, for each n = 0,1, 2,- - - and hence that s, is a constant 
sequence. This completes the proof of Theorem 6.3 und hence also that of 
Theorem 6. 1. 

If z is a complex number and 2, is the sequence defined by 2, = 2" 
+ (2—2z)", then E(—1)2, E(1)a,—2,. It is easy to prove directly 
the fact, implied by Theorem 6. 3, that this sequence is bounded if and only 
it z= 1, that is, if, and only if, the sequence is a constant sequence. 


7. Series-to-series transformations. If r is a complex number not 0, 


the formal computation 


k=0 k=0 k= 


= (1 — r)*-* Sr > (1—r)**u, 


k=0 n=k n=0 = 


motivates the definition whereby the series Yu, is called summable €(r) to o 
if the last series in (7.1) converges to o; that is, if 3Un(r) =o where 


k=0 


U,(r) =r (7) (1 — r)"*u,. 


| F(z)| SM 

ero, 
| F’(z)| S pM 
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This series-to-series transformation becomes the familiar Euler transforma- 
tion when r = 4; for discussion and references, see Knopp [8] and Dale [3]. 
A trivial modification of the computation in (1.5) shows that €(p)€(q) 
= €(pq). 


Setting Uo + Un, (n=0,1,2,- - -), we see that Su, 


is summable €(r) to o if and only if V,—>o where 


(7.3) VY, = (1) 


Reversal of the order of summation gives 


t 


(7. 4) Vn = > [ (;) (1 — r) uy, 


Except for differences in notation‘ (7.4) is the series-to-sequence transforma- 
tion €(r) obtained by Dale [3] by a different process. If we set 


Sk = Up Un, Ue = Se— (kK 
where s_, 0, and let 
\k 

then €(r) takes the form of a sequence-to-sequence transformation 

(7. 6) Va = Dd 

k=0 
where 


the sequence s, is summable €(r) toa if Vamoasn—>o. Using (7.61) 


and (7.5), we find 


(24.1) 


7 The subscripts in Miss Dale’s paper are 1, 2, 3,- - - whereas ours are 0,1, 2,. - -; 
moreover the parameter r of Miss Dale is the reciprocal of ours. 


ma- 
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Cancelling terms from the last sums gives 


(7. 62) On”) = ret (1 — 
Using (7.6) and (7.62), we find that a series w+ u, +: with partial 
suMS So, * is summable €(r) to if, and only if, V, where 
7) Via => (1 — 


We are now in a position to prove the following theorem relating the methods 


E(r) and E(r). 


TuHeEoreM 7.8. If r540, then €(r) CB(r). If |r—1| <1, then 
E(r) 0 E(r) while if rA0 and |r—1| 21, then E(r) fails to include 
E(r). 


Suppose r= 0 and that the sequence so, s;, - is summable €(1) too. 
Then (7.7) shows that the sequence 0, so, 8:, 82,- is summable E(r) to o. 
Since H(r) permits omission of elements, the sequence So, is also 
summable H(r) to o. This shows that E€(r) C H(r). Suppose now that 
|r—1| <1 and that the sequence s,,- - is summable to ‘Then, 
since E(r) permits adjunction of elements, the sequence 0, 80,8;,° °° is 
summable to o. Hence (7.7) implies that the sequence So, is 
summable €(r) to c. Suppose finally that r-40 and |r—-1|21. Then, 
by Theorem 4.3, there is a sequence So, S;, $2,° * * summable H(1) to o such 
that the sequence 0, is not summable to o. Using (7.7), 
we see that this sequence is not summable €(r) to o. Thus €(r) fails to 
include E(r). 

It is a corollary of Theorem 7.8 that E(r) and E(r) are equivalent if 
and only if !r--1| <1. This equivalence was proved by Dale [3] for the 
case O r< 

It is a corollary of Theorems 6.1 and 7.8 that the methods €(r) for 
which r =4 0 are consistent. 

For each r=40, the €(r) transform of the geometric series 32” is, as 
given by (7.3), when z1 


g=0 


Hence 3z* is summable €(r) to 1/(1 —2z) if and only if |1—r-+rz| <1. 


| 327 

3). 


328 RALPH PALMER AGNEW. 


the sequence 2" is summable H(r) to 0 and the series 32" is summable E(r) 
to 1/(1—z). Therefore, in so far as application to the geometric series 32" 
is concerned, the transformations €(7) and H(r) are equivalent for each r 0, 


8. E(r) summability of power series. If, for a fixed z) 40 and r+0, 


the series Sc,2)" is summable E(r), then (2) the series Sc,29"2" has a positive 


radius of convergence and accordingly the series Sc,z" has a positive radius 


of convergence. Let f(z) be the function generated by analytic extension, f 


along radial lines from the origin, of the element determined by convergence 


of Scnz". The open set in which f(z) is thus defined is the Mittag-Leffler 
star 8S. This star consists of all points of the complex plane not of the form 
pf where p= 1 and € is a singular point of f(z). A singular point ¢ isa 
vertex of S if f(z) is analytic when z is on the line segment 6¢ for which 
0 =6< 1; the vertices of S belong to the complement of S. 

It is easy to see that the power series Sc,z" is summable to f(z) by the 
generalized Abel method P* when ze S; that Sc,z" is in some cases summable 


P* and in other cases non-summable P* when z is a vertex of S; and that 


XCn2" is non-summable ?* when z is a point in the complement of S which is f 


not a vertex of S. Use of these facts and Theorem 5.1 gives the following f 


theorem. 


THEOREM 8.1. Let r=0O, lel z, 0. and let the series Scy,z" be sum- 


If Rr > 0, then 2, is either a point or a vertex of the Mittag-Leffler star 8. 


If Rr >Oand then f(z) is the value to which ts summable (r), 


mable E(r) when z—=2. Then Senz" has a positive radius of convergence. 


The results of 3 are easily phrased in terms of the geometric series 32" 
which generates the function 1/(1—z). It is natural to try to use the 
Cauchy integral theorem to extend these results to more general power series. 
Let Sc,z" be a power series having a positive finite radius of convergence, and 
iet f(z) and S be defined as above. Corresponding to each vertex € of NS, let 


B(r,€) denote the set of points z for which 


< | re 


Thus =z" is summable €(r) to 1/(1—z) in the same circle C(r) in which 


(8. 11) 


This set B(r, £) is the interior of the circle, with center at the point (1— 7*)é 
which passes through the point ¢ Let B(r) denote the set of inner points 
of the intersection of the family of sets B(r,¢) determined by the family of 
vertices £ of S. This set B(r), which is not a polygon in the ordinary sense, 
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is (Knopp [8] and Agnew [1]) the Euler polygon of order r determined by 
Sc,2". In case r is real and positive, B(1) is always a subset of the interior 
of the Borel polygon; and the union of the sets B(r) for which 0 << r <1 is 
(Knopp [8] and Rademacher [12]) precisely the interior of the Borel polygon. 

The sets B(r,£) and B(r) are determined by the singularities of f(z), 
being otherwise independent of the coefficients in the series Sc,z". In case 
f(z) has a single singular point ¢, B(r) is the interior of the circle. with 
center at (1 -—7-')£, which passes through the point ¢. The origin is a point 
in B(r) if, and only if, |r—1]< 1. The union of the sets B(r) for which 
r=£0 is the entire plane with the single point £ omitted. The union of the 
sets B(r) for which | r — 1| < 1 is the entire plane with the half line z = 2, 
A= 1, omitted; this union is, accordingly, the Mittag-Leffler star of f(z). 
Suppose now that f(z) has exactly two singular points, one at + 1 and the 
other at —1. If! r—1| = 1, the two sets B(r, £) have no points in common 
and, accordingly, B(r) is empty. If |r—1]|<1, then B(r) is the open 
non-empty intersection of two open circles each containing the origin. The 
union of the polygons B(r) for which | r—-i! <1 is, in this case also, the 
Mittag-Leffler star of f(z). Im case f(z) has more than two singular points, 
the sets B(r) may be less extensive. Suppose, for example, that f(z) has 
singular points at + 1 and +1, and that it has no other singularities. If 
|r—1|21, the set B(r) is empty. If |r—1| <1, the set B(r) is an 
open set containing the origin. The union of the sets B(r) can be shown (see 
Theorem 9.1) to consist of the origin and the union of the interiors of the 
four circles having for diameters the four sides of the square with vertices at 
+1, +i. ‘This union naturally includes the inner points of the Borel 
polygon, and is a bounded subset of the Mittag-Leffler star of f(z). 

The result of the following theorem was proved by Knopp [8] and 


Rademacher [12] for the case in which r= 27, (p=—1,2,---). 


THEOREM 8.2. Jf | r—1| <1 and Scn2”" has a positive finite radius of 
convergence, then Se,2" is summable E(r) when ze B(r) and is non-summable 


E(r) when zis not in the closure of B(r). 


We show first that Sa,2" is summable F(r) when ze B(r). If z=—0, 


then Xa,2" is easily shown to be summable E(r) to ay. Let z,¢ B(r) and 
Then B(r,f) so that 


(8. 21) <| re | 


when z=, and ¢ is a vertex of the star 8S. If @ is a point not in the star 
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and ¢ is not a vertex, then a vertex £ and a number p > 1 exist such that 
¢’= pf. The circular set of points z’ for which 


(8. 22) (1— | < | 


includes the set of z for which (8. 21) holds and hence includes z,._ It follows 


that the circular set of points u for which 
(8. 23) (1—r?)u| =| 


lies in the star. This means that, when 6 == 1, the circular set of points u 
for which 
(8. 24) | rzyu-? — (r—1)| 


lies in the star. When 6 > | r—1 |, the equation of the circle (8. 24) can be 
written in the form 


re, ®—[r—1 —]r—1 


Since the center and radius of the circle are, as functions of the real variable @, 
continuous at 6 = 1, and since moreover the star is an open point set, we can 
fix @ such that | r-—1]|< 6< 1 and the circle defined by (8. 24) lies in the 
star. It is easily verified that the points 0 and z, are interior points of the 
circle; this gives the following lemma which we state for future reference. 


Lemna 8.3. If | < 1and z,« B(r), then 6 can be fixed such that 
|r—1|<@<1 and the circle of points u for which 
(&. 31) | rzu2?+1—r|—6 


lies in the star and contains the points 0 and z, in its interior. 


Let C be the circle of points u for which (8.31) holds. Then, by the 


Cauchy integral formula, 


The terms of the €(r) series-transform SU, of the series Xcn2z." are [see (7.2) ] 


given by 


RA 
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(8.33) = (r/2ni) (f(u)/u) (r2,/u)*(1—r) "du 


k=0 
= (r/ eri) f (f(u)/u) (rau? + 1—1r)"du. 


Using (8.33) and (8.31) we obtain 


(8. 34) Un | | ae | 
and, since 0< < «. This means that Xc,2z," is summable 
E(r); but, since |; r—1!<1, E(r) and €&(r) are equivalent and hence 
Senz," is summable L(r). ° This establishes the fact that Sc,z" is summable 
E(r) when ze B(r). 

We now prove the following theorem which will be applied to complete 
the proof of Theorem 8. 2. 


THEOREM 8.4. Jf |r—1]|< 1 and the series Su, is summable E(r), 
then the series Su,z" is summable E(r) for each z for which 


(8. 41) |z—1]<1. 


Moreover the function f(z) generated by Sunyz" is analytic over the open 
circular set of points z for which 


(8. 42) 


Since | r--1! <1, E(r) and €(r) are equivalent. Hence Su, is sum- 
mable €(r) and accordingly 3U, converges where 


(8. 43) > — r)**uy. 


k=( 


Dividing (8.43) by r and using the formula for the inverse of E(r) we obtain 


j 


For each complex z, the terms of the €(r) transform 3U,(z) of the series 


are given by 
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Reversing the order of summation and simplifying the result we find 


(8. 44) U.(s) + rz—z)"*U,. 


k=0 


| Ux! SM for each k-=0,1,---. Hence (8.44) implies that 


(8. 45) Un(z)!|S 


also 7(r) when (8.41) holds. Applying Theorem 8.1, we see that Swnz" is 
summable H(r) and €(r) to f(z) when (8.41) holds. Hence, when (8. 41) 
holds, use of (8.44) gives 


f(z) —r+t+ rz—z)"*U,. 


n=0 k=0 


When | z| is sufficiently small, this series converges absolutely and reversal 


of the order of summation gives 


(8. 46) f(z Ux. 


Using again the fact that | U; |! < M, we see that the right member of (8. 46) 
and hence f(z) are analytic over the open set of points z for which (8. 42) 
holds. This proves Theorem 8. 4. 

We are now in a position to complete the proof of Theorem 8.2 by 
showing that if | r—1|< 1 and Xc,z" is summable F(r) when z = 2, thal 
Z1€ B(r). Using Theorem 8. 4 with un = ¢y2.", we see that Scnz,"t" generates 


a function g(t) analytic when 
|t|<|r—rt+t|. 


Setting z = z,t we see that the function f(z) generated by Scn»z” is analytic 
when 


(8. 47) | >| |. 
Therefore (8.47) fails to hold when z is a vertex ¢ of the star; that is, 


(8. 48) 


The convergence of SU; implies the existence of a constant M such that | 


It follows that 3U’,(z) converges and that Su,z" is summable €(r) and hence | 
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when ¢ is a vertex. It follows that the line segment z = pz,, 0 Sp < 1, lies 
in the open circular set B(r, £) and hence also in the intersection B(r). There- 
fore 2, « B(r) and the proof of Theorem 8. 2 is complete. 

We show, by an example, that the conclusion of Theorem 8.2 may fail 


| when r is a complex number for which |r—1]|>1. For each r0, the 
| Euler polygon B(r) determined by the series 

that 
(8.5) 


| is the non-empty open circular set of points z for which 


Let r be fixed such that r40 and |r—1|21. Then the points 0 and 1 


/ are not in B(r). When ze B(r), the E(r) transform of the series (8.5) is 
| given by 


z 


1—z 


(rz+1—r)" 


; and it is easy to show that lima, fails to exist. Thus, in this case. B(r) is 
; non-empty and the series is non-summable E(r) for each ze B(r). It may 


be noted that the series 1+2+2*-+--- is summable E(r) to 1/(1—z) 


for each ze B(r), and that the series 0+ 2+0-+0-+- - - is nonsummable 


E(r) for each ze B(r). 


9. The union @ of the sets B(r) for which Rr>0. Let Sc,z" be a 


series having a finite positive radius of convergence and let B(r) be defined 


/ asin the previous section. Let @ denote the union of the sets B(r) for which 


Rr>0O. The set B, being the union of open subsets of the Mittag-Leffler 
star S, is an open subset of S. If ®&r, > 0, then it is possible to choose 
numbers r, and A such that | r,—1|<1, A>1, and r;,—Arz. It then 
follows that, for each singular point ¢, B(ri;¢) is a subset of B(r,,¢) and 
hence that B(r,) is a suvsct of B(r.). Therefore B may be otherwise de- 
scribed as the union of all sets B(r) for which | r-——-1| <1. 

Our interest in the set @ lies in the fact that if z,¢ 8 then %c,z," is 
summable H(r) for some r for which | r-—1! <1, and if z, is not in the 
dosure of then Sc,z2" is nonsummable E(r) for each r for which Rr > 0. 
The following theorem characterizes the set 8 in terms of the singular points 
of the function f(z) generated by Sc,z". The Borel polygon is an intersection 
of half-planes; the set B turns out to be a union of circular sets. 


|z—(1—r)| < 
42) 
“ates 
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THEOREM 9.1. The union @ of the sets B(r) for which Rr > 0 is the 
union of the sets of inner points of all circles which surround the origin and 
lie in the Mittag-Leffler star of Scn2". 


The set @ can be otherwise described as the set consisting of the origin 
alone and of the union of the interiors of the’circles which pass through the 
origin and exclude the singular points. 

Let U denote the union of the sets described in the theorem. To show 
that 8 CU, let z, be a point in B. Then r exists such that | r—1| <1 
and z,«B(r). Lemma 8.3 furnishes a circle, in the star, containing 0 and 
z, in its interior. Thus z,¢eU and hence @CU. To show that U CB, let 
z, be a point in U. Then, by definition of U, there is a circle C which lies in 
the star and which contains the points 0 and 2, in its interior. It is obvious 
from the definitions of B(r) and @ that if f,(z) and f(z) are so related that 
the star of f,(z) is a subset of the star of f(z), then the sets B,(r) and 
®, formed for f,(z) are, respectively, subsets of the sets B(r) and @ formed 
for f(z). Hence we can prove that z, «8 and complete the proof of Theorem 
9.1 by proving the following theorem which is in fact a corollary of 
Theorem 9. 1. 


THEOREM 9.2. Jf |r—1!<1. if C is a circle containing the origin 
g 


in its interior, tf f,(z) ts analytic inside C, and if each point of C is a singular 
point £ of f,(z), then the set ®, is the set interior to C. 


It follows from the part of Theorem 9.1 already proved, and is obvious 
from the definition of @,, that the points of ®@, are interior to C. To show 
that each point z, interior to C is a point of @,, let the radius and center of ( 
be R and Ae‘* where A > 0 and —r< Choose B and such that 
B>0,—27< and 
(9. 21) z, = Aei4 +. Bet(ar8), 


Since 0 and z, are interior to C, we have A << Rand B< R. The diameter 
through the origin of the circle C’ containing the singular points ¢ of f,(z) has 
its ends at the points (A + R)e' and (A — R)e**. Hence the circle con- 
taining the points £+ has the ends of a diameter at the reciprocal points, and 
it follows easily that 

1 Ae-ta R 


= — 2 é 


2 


Using (9.21) and (9. 22), we obtain 
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a A? + _ R| A+ | 
R? — A? 
Let r be defined by the formula , ‘ 
(9. 24) r= (R* — A?) /(R? + ABe*), 
Then 
(1— 1?) =— (A? + ABe'8) /(R? — A*) 
and 


R\|A+ R?4 ABe#®| 1 
FoF 


so that (9.23) gives 


and hence 
(9. 25) — (1— <| rg I. 


Thus z,¢B,(r,g) for each and accordingly z,¢B,(r). Since (9.24) and 
the inequalities 0< A < R,0 << B< R imply that |r—1!<1and Rr>0, 
we conclude that z, «8, and the proof of Theorems 9.2 and 9.1 is complete. 

If the center of the circle C of Theorem 9. 2 is at the origin, then the set 
B, and the interior PB of the Borel polygon each coincides with the interior 
of C. If the center is not at the origin, B, still coincides with the interior 
of C; but the Borel polygon is now an ellipse, inscribed in the circle, with 
center at the center of the circle and one focus at the origin. (Proof of the 
latter fact is a straightforward exercise in finding an envelope.) Accordingly, 
Euler methods #(r) for which | r—1| < 1 evaluate Xc,2" to f,(z) through- 
out the interior of C’, but the regular methods F(r), for which 0 < r=1, 
cannot evaluate Xc,2z”" outside the ellipse in C. In case the origin is near the 
circumference of C (as compared with its distance from the center of C’) the 
ellipse is flat and includes a small proportion of the area of C. 


10. Transformations E(r,). Corresponding to each sequence ro, 1,° ° 
of complex numbers, let #(7,) denote the transformation 


10. 1) om S 


by means of which a sequence so, is summable to o if on as 


335 
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—> co. The main problem involving transformations which we con- 
sider here is that of characterizing those for which the numbers 19, 71,° * * are 
positive and #(r) includes all regular Euler methods. 

THEOREM 10.2. If rn > 0 for each n, then E (rn) includes E(r) for each 
rin the interval 0 << r= 1 if, and only tf, 0 and nr, > 


If y, and 2, are, respectively, the L(r,) and EH(r) transforms of a 


sequence s,,.-then use of the formula for the inverse of E(r) gives 
> > (1/r)*(1 — 1/r)?¥ay. 
P k=0 


Reversing the order of summation and simplifying the result we obtain 


(10. 3) Yn ==> (rn/r)* (1 — tn/r) ay. 


k=0 


This means that the transformation /(7,)£-*(r) has the form 


n 
(10. 4) Yn = > 
k=0 
where 


(10. 5) Any!) = 


and that E(r,) > E(r) if. and only if, this transformation is regular. ‘The 


condition 
n 
(10. 6) Dan”? =1 (n =0,1,2,- 
k=0 


is satisfied for each r without restriction on the sequence rn. Since r, > 0 and 


(10. 7) > | an” | (| | + | |)*, 


it is easy to show that the condition (1. 41) is satisfied for each r > 0 if, and 
® An obvious modification shows that, when a real angle ¢ is fixed and r,,1r,,- - - 
are positive numbers, the transformation E(r, includes (rei?) for each r > 0 if, 


and only if, r, > 0 and mr, > © as n> ©. 
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only if, rn» 0. Suppose now that H(r,) D E(r) when Then 
t 0 and F(r,) F(1) so that > 0 as n— Since 


where e, — 0, we conclude easily that nr, > «0 as n— 0. To complete the 
proof of Theorem 10.2, suppose r, > 0, and we have to 
show that 

(10. 8) lim = 0 (k = 0,1, 2,- - -) 


n->0O 


when 0<r<i1. The result is established with the aid of the computation 


k / 


in which A, is a bounded sequence and ¢,—>0 as n— «, and Theorem 10. 2 
is proved. 

It is a consequence of Theorem 10.2 that, when r, > 0, 7,0, and 
n', —> ©, the transformation H(r,) is a regular sequence-to-sequence trans- 
formation with a triangular matrix which evaluates each power series S¢n2" 
at each point inside the Borel polygon. It would be interesting to know how 
these transformations /(r,) are related to each other and to other methods 
of summability. It is readily seen that, unlike two transformations of the 
form /’(r), two transformations of the form #(r,) do not necessarily com- 
mute. When r, 0 for each n, H(7,) has an inverse; but the inverse is not 


necessarily of the form E(q,). 
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ON SEQUENCES WITH VANISHING EVEN OR ODD 
DIFFERENCES.* 


By RALPH PALMER AGNEW. 


1. Introduction. Let 2,2, 22,- - - be a sequence of complex numbers 
and let 
(1) dy => (n =0,1,2,° 
k=0 


denote its sequence of differences. It is the object of this note to show that 
the following two theorems are corollaries of Theorem 6.3 of the preceding 
paper. 


THEOREM 1. /f x, is a bounded sequence whose even differences all vanish, 
that is, of 
dj = 


then = 0 for each n=0,1,2.-°-. 


‘THEOREM 2. If x, is a bounded sequence whose odd differences all vanish, 
that is, if 


d,=—d,—d;—- === (), 
then Un = Lo for each n= 1, 2, cc 


2. Proof of the theorems. Let x, be a bounded sequence. Use of (1) 
gives 


oo n (~~1 ) n-k 


(2) = ( 1) (d,/n!)t > 2H t 
co oe (—t)* 
k=0 n=k (n k) k=0 


the computation being justified by the absolute convergence of the series. It 


* Received October 21, 1942; Presented to the American Mathematical Society, 
December 28, 1942. 
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dy, = 0 when n is even (odd), then the members of (2) must be odd (even), 


functions of ¢ and accordingly 


(3) det (an/n!)(—t)” 


n=0 


where A\=---1 (A=+1). Hence 


n=0 a-0 
(2¢ ) 


=A> > (—t)*=A>d (t"/n!) (”) (— 1)*2"-*x;,. 
k=0 


n=0 a+k=n n=0 


Equating coefficients of ¢", we obtain 


(1 —r) 


where r=-—1. ‘Thus the 4¥(—1) transform of the sequence z, is, except 
for the factor A, the sequence 2, itself. Thus z, has bounded #(1) and 


E(—1) transforms. ‘Therefore, by Theorem 6.3 of the previous paper. 


Lo In case dy —0, we have = dy = 0. 


CORNELL UNIVERSITY, 
ismaca, N.Y. 


n 
in=aA> 
k=0 


